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SUMMARY

A thoroughreviewoftheliteratureindicatedtheneedforresearch
onthestatisticalnatureofthefatigueofmetals.Whilemucheffort
hasbeendirectedtowardtheeffectofnumerousvariablesonthe-average
fatigueproperties,thestatisticalvariationofthemeanproperties
anditscauseshavebeenvirtuallyneglected.An extensiv=expertiental
progamwasundertakento studythissubjectandto determineandevaluate
thefundamentalfactorswhichinfluencethisbehavior.

Thestatisticsofthefatigue-fracturecurvesandendurancelimits
weredeterminedfora varietyofmaterialsand,by analysisofthese
experimentalresults,theeffectsof somemetallurgicalfactorsonthe
statisticalnatureoffatiguepropertieswereshown.Itwasdiscovered
thatinclusionsplaya dominantrbleinthisbehaviorandthatother
factorssuchas compositionandmicrostructureareof secondaryimportance.

Inaddition,a numberof otheraspectsoftheproblemwerestudied,
namely,thedependenceofstatisticalvariationsinfatiguelifeon
stresslevelinthefracturerange,thestatisticsofthelocationof
crackinitiation,thesizeeffectandtheunderstressingeffectfroma
statisticalviewpoint,andtheformoftheS-mdiagramandthemethod
ofplottingit. Forthemostpart,theexperimentalworkwasdonein
thepneumaticvibratoryfatiguetestmachinewhichismoresuitable
theusualR. R.Moorefatiguemachinefortheseinvestigations.

than

INTRODUCTION

Ofthemanywaysinwhichmtals canfailundertheapplicationof
stresses,fatigueisprobablythemostwidesp~adandimportant.Any
mechanicalpartwhichundergoesvibration,rotation,orreciprocation
cansufferfatiguefailure,andithasbeenreportedthat95 percentof
servicefailuresinmachinepartsareby fatigue.Thustheproblemof
fatigueisofutmostimportancetothedesignengineerwhomustproperly
understandandrecognizethephenomenainvolvedinthistypeoffailure
inorderto designequipmentandmachineryforsuccessfuloperation.

— . - -—-——— — — —- —_. _ — —— ———.—
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Thefatigueofmetalsisof greatscientificinterestaswellas
practicalimportance.Thispeculiartypeoffailureoccursat stresses
whicharefarlessthanthosewhichproducefractureintheordinary
mannersuchasundera tensileload.Thisfactandmanyotherfatigue
phenomenarequiretheoreticalinterpretationincludinga fundamental
mechanismwhichexplainshowandwhythistypeoffailureoccurs.

.

Beforethepresentinvestigationofthestatisticalnatureof
fatiguepropertieswasundertaken,a thoroughcriticalreviewwasmade
of alltheliteraturepertainingto thefatigueofmetals.Thisstudy
includedtheexperimentalknowledgeofthesubjectaswellasthe
theorieswhichhavebeenproposedto explaintheobservedphenomena.
As a resultofthisstudy,itwasevidentthatmanyaspectsofthisfield
arein needofmoreresearch,particularlythestatitiicalnatureof
fatiguewhichhasbeenvirtuallyneglected.Further,manyconclusions
drawnfromtheusualinvestigationscanbe questionedsincethestatis-
ticalapproach,nowlmowntobe necessary,wasnotused.

Fatigueisdemons-trablya statisticalphenomenon,butthefunda-
mentalfactorswhichinfluencethisbehaviorhavenotbeenunderstood. )
Ithasbeenlmownforsomethethatthefatiguelifeof a metalata
givenstressvariesstatisticallyandmorerecentlyitwasdiscovered,‘ ‘-
inthislaboratory,thattheendurancelimitisalsoa statisticalquan- .
tityandnotanexactvalue.ThuEboththefracture(finitelife)and
endurancerangesaresubjectto statisticalvariationandthereisa
finiteprobabilityofprematurefailuresinthefracturerangeandof
theoccurrenceoffailurebelowtheso-calledendurancelimit.The
dependenceofthisbehavioronmetallurgicalfactorswasnotknownand
itwastowardthisobjectivethatmuchoftheexpertientalworkwas
directed.

Dispersioninfatiguedatacanarisefromthreeprincipalsources:
Thetestmachines,thepreparationofspecimms,andthemetalitself.
Pooralinement,calibration,andoperationofthefatiguemachinesand
lackof controlof specimenpreparation(surfacefinish,etc.)would
obviouslyproducescatterinthetestresults.Itwillbe shown,how-
ever,thatevenwhentheexperimentalvariablesareproperlycontrolled
thefatiguelifeandendurancelimitarestatisticalinnature,andthis
variabilityisinherentb thematerial.

Itwasthoughtthatthestatisticalvariationoffatigueproperties
dependsuponthecleanliness,composition,strengthlevel,andmicro-
structureoftheretal.Forexample,a materialwitha largenumberof
inclusionsmighthavea greaterstatisticalvariationinfatigueprop-
ertiesthana materialofsimilarcompositionandmicrostncturewith
veryfewinclusions.Or,fora givencompositionandinclusionrating,
thevariabilitymightdependuponthetypeofmicrostructure,andsoon.

.

— —— -—— -
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At CarnegieInstituteofTechnoloH,underthesponsorshipand
withthefinancialassistanceoftheNationalAdvisoryConnnitteefor
Aeronauticsja programwasdesignedto studythestatisticalnatureof
fatigueandto evahatethefundamentalfactorsthataffectthevari-
ability.EtiensivefatiguetestsweremadeonannealedArmcoironand
plaincarbonandalloysteelsheat-treatedto differentstrengthsand
microstructure.Thestatisticsofthefatigue-fracturecurvesand
endurancelimitsweredetermined;by analysisoftheseexperhental
results,theeffectsofmetallurgicalfactorsonthestatisticalnature
of fatiguepropertieswereshown.Onlythelongitudinal directionhas
beenconsideredinthiswork.

h addition,a numberofotheraspectsoftheproblemwereconside=d,
namely,studyofthedependenceof statisticalvariationinfatiguelife
on stresslevelinthefractmerange,studyofthestatisticsofthe
locationof crackinitiation,studyofthesizeeffectandtheunder-
stressingeffectfroma statisticalviewpoint,andstudyoftheformof
theS-Ndiagramandthemethodsofplottingit.

Forconvenience,thepresentationoftheexperimentalworkismade
intwopartssincetwotypesoftestmachineswereusedinthestudy.
InpartI,experimentswereconductedonnormalizedandtempered
SAE1050steelinrotating-cantilevermachinesoftheR. R.Mooretype.
InpartII,annealed
ferentstrengthsand
Vibrating-cantilemr

ArmcotionandSAE4340steelheat-treatedto =-
microstructureswerefatiguetestedinpneumatic
inachines.

A completesurveyof-allaspectsofthesubjectofthefatigueof
lnetalswasmadeto determinewhatworkhadbeendoneonthesubject
(bothexperimental.andtheoretical)andto recognizetheimportant
variablesinvolved,appraisetheirrelativeinfluence,andcontrolthem
inexperiment.A detailedaccountofthissurveywouldbemuchtoo
lengthyforinclusionhere;forthepresentpurposes,a thoroughreview
andanalysisoftheexistingevidenceforthestatisticalbehaviorof
fatiguewillbe sufficient.

StatisticsofFatigue-FractureCurve

Scatterisfoundinpracticallyeverysetoffatiguedataandit
becomesincreasinglyevidentintheS-I?diagramwithincreaseinthe
numberofspecimenstested.Therehavebeena numberofexperimental
investigationsinwhichthescatterinfatiguelifeisclearlydetectable.

—.—-———-— ..-— _ .._-— — ______ ..— .——
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BollenrathandCornelius(reference1) conductedfatigue
fracturerangeon aluminumandmagnesiumalloys,steels,

NACATN 2719

.
testsinthe
copper,and

brassandob~ainedconsiderablescatterinthe&ta. However,the ,.
numberof stresslevelsinvestigatedandthenumberof specimenstested
perlevelwerelimitedsothatevaluationoftheresultsby statistical
methodsiS difficdt. -er--stock(reference2)tested200specimens
of a steelatonestresslevelinthefracturerangeandfounda fre-
quencydistributionintheresults.As seeninfigure1,thisdistri-
butionisskewwithrespectto N (thenumberof cyclestofailure),
butifthisdistributionisdeterminedonthebasisof logI? itis
foundthatitbecomesnormal.Freudenthal,Yen,andSinclair(refer-
ence3) studiedSAE1045andSAEk340steelsandtoughpitchcopperby
testing20 specimensateachofa fewlevelsofstressinthefracture
range.Similartestsweremadeby YenandDolan(reference4)on
75S-Talloy.Thatportionoftheresultsofthesetwoinvestigations
whichisof interestforthepresentpurposesissumnarizedinthe
followingtable:

Meanof
Materialstress logsof

StandardMeanlife,R Approximate

(psi) deviation,lives, (cycles)endurancelimit

(1) G
logN

(psi)

SAE1045 67,500 4.625 0.104 4.2x 104 4a,000
61,000 5.061 .103 1.2X ld
55,000 5.633 .241 4.3

SAE 4340u8,000 4.897 0.166 7.9x 104 85,000
105,000 5.261 .225 1.8x @

Copper 22,500 5.382 0.037 2.4x 103

7X-T 62,500 4.204 0.036 1.6x 104
50,000 5.000 .070 1.OX 105
37,500 6.357 .193 2.3x 106

specimenswereheat-treatedasfollows:SAE10k5,normalized

from1600°F; SAE4340,oil-quenchedfrom1525°F andtemperedl~hours

at 1000°F; copper(toughpitch),annealed1 hourat 700°F; 75S~T,
precipitation-hardeningtreatmentnotgiven.

Froma superficialexaminationofthevaluesshowninthistable,
it appearsthatthestandarddeviationsu forthetwosteelsdiffer

.,.
.

,,

— .— ..—— ___ .
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onlyslightlyandthereforethesematerialshaveessentiallythesame
statisticalbehaviorinfatiguefailure.Closerexamination,however,
plainlyshowsthatthealloysteelhasgreatervariabilitythanthe
plaincarbonsteel.Inorderto comparethe a valuesproperly,it
isnecessaryto convertthedatato a commonbasis.Thisisdoneby
recalculatingthestressesaspercentagesoftheendurancelimitsand
thencomparingthevarianceofthetwosteelaatequivalentstress
levels.Theapplicationof statisticalmethodstothesedatawXIJ.be
madeina latersection,wheredetailedanalysisof allexistingdata
forthevarianceoffatiguepropertieswillbe given.By theuseof
thesemethods,itispossibleto determinewhetherdifferencesinvari-
abilityofthefatiguepropertiesofvariousmaterialsaresignificant.

Rteraon(reference5)hasrecentlyproposedan approximatestatis-
ticalmethodfortheanalysisoffatiguedata.An averageS-Ncurveis
drawnthroughthepointssuchthatthesumofthedifferences(instress)
fromtheaverageisO. Thepercentagedifferenceinstressofeach
experimentalpointfromtheaveragecurveiscalculatedandtransferred
alongtheS-Ncurveto a chosenpetitof longerlife(andthuslower
stress).Thisprocedureprovidesa distributionof stressvaluesat
a chosenfatiguelifewhichcanbe analyzedintheusualmannerforthe
meanandstandarddeviation.Thismethodappliesonlytothefatigue-
fracturecurveandinvolvestheassumptionthatthestatisticsathigh
stressescanbe e~rapol.atedto lowstresses.Thisassumptionis
unjustified(aswillhe provenlater),buttheapproachmaybe useful
inobtahtlngapproximateresults.Thefollowingtablelistssomeresults
obtainedby Peterson(unpublisheddata).Itshou.ldbepointedoutthat
thismethodyieldsa meanvalueofstressanda standarddeviationata
designatednuniberof cycles,whereastheusualmethodsgivea meannumber
of cyclesanda standarddeviationata givenstress.Theadvantageof
Peterson’smethodis,of course,thatanestimateofthevariabilityin
thefatiguelifeofa metalcanbe obtainedwithmuchfewerteststhan
arerequiredby theusualmethod.

Material Exper~nter (P:i) (per~ent)
(1)

SAE1050 H.F.Moore 2070 3.1
SAE 1050(notched)H.F.Moore 1428 4.3
Slw 1045 0. Horger 1180 3.5
SAE 3140 T. J.DolanandC.S.Yen 1520 2.3

lv. 100 g where u isstandarddeviationand ~ ismeanstress
x

ata chosennumberof cycles(i.e., V isrelativestandarddeviation).
Relativestandarddeviationisof limitedimportancesinceitcannot
be usedinwell-establishedmethodsof analysisof differencesin
variability.

. —— ___ — .—-— —--- - —
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Unfortunatelyjtheheattreatmentsofthesesteelswerenot
reportedand,sinceinthismethodthedifferencesinresultsobtained
atdifferentstresslevelsrelativetotheenduranceMmits areignored,
comparisonandinterpretationoftheresultsareclifficult.Presumably,
however,Moorerstestsonnotchedandunnotchedspecimensweremadeon
thesamesteelandtheresultssuggestthatthepresenceof a notch
increasesthevariability,but,inviewofthefactthatthismethodis
anapproximation,it isnotpossibleto drawanyconclusionswith
certainty.

Perhapsthenmstfruitfulsourceof informationonthescatter
obtainedinthefatiguelifeofmetalsistheresearchby Ravilly
(reference6)whoconductedtorsionalfatiguetestsonwiresof iron,
steel,nickel,copper,aluminum,zinc,andsilver.Witheachofthese
metals,20testswereconductedateachof10stress’levels.Allof
thetestswereconductedat stressesinthefatigue-failurerangeand
thereforeallofthespecimensbrokeandtheendurancelimitswerenot
determined.Ravill.ywasinterestedprimarilyinthemeanlifefor
S-Ncurvesandneglectedto calculatethestatisticalparametersof
dispersionfortheresultsofhis1000ormoretests.Fortunately,the
originaldataareincludedinthereportsothatithasbeenpossible
toperformthestatisticalcalculations.As a matteroffact,itwas
necessarytorecalculatethemean-lifevalueateachstresslevelsince
Ravillydeterminedthearithmeticmeanofthe N valueswhereasthe
truemeanshouldbecalculatedfromthe logN values,sincethedis-
tributionisnormalfor logN. SincetheresultsofRavilly’swork
areofextremeinterestwithregaxdtothestatisticalnatureoffatigue
properties,theywillbe reviewedindetail.

.

4

Thefirstseriesoftorsionalfatigueexperimentswasconductedon
steelwireinboththecold-workedandannealedconditionsand,although
thechemicalcompositionofthesteel,thedegreeof cold-work,andthe
annealingtreatmentaretitstated,theresultsindicatean interesting
effectaswillbe shown.Themarkedscatterinthedatafromthefirst
setofexperimentsledRavillyto seeka methodofpresortingthespeci-
mensto decreasethedispersionobtainedinfatiguetests.Inhis
secondseriesofexperiments,Ravillymeasuredthemagneticdifferences
betweenthespecimensanda chosenstandardspecimenina magnetic-
comparatorapparatusbeforeconductingthefatiguetests.Itwasfound
thatthosespecimenswhichshowedthegreatestmagneticdifference
relativetothestandardal$oyieldedthegreatestdeviationinfatigue
lifefromthestandard.

Ravillythenconductedextensivetestsonannealedspecimensof
Armcoiron,steel,andnickel.Thespecimensofthesematerialsused
forfatiguetestswerepreselectedby themagnetic-comparatormethod.
TheseresultsaregivenintableI sincetheyaretoolengthyto

.

— ——— -. —
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be includedhere.Similarfatiguetestswereconductedon
copper,aluminum,zinc,andsilver(resultsforthecopper

7

annealed
andaluminum

. --
arealsogivenintableI)andinthesecasesthematerialswerenot
presortedsincetheyarenonmagnetic.Unfortunately,onlythemeans
ratherthanallofthe,originaldataweregivenforzincandsilverso
thatcalculationofthedispersionofthefatiguelifeofthesematerials
couldnotbemade.

Foreachofthemetalstestedtherewasno consistenttrendinthe
degreeofdispersioninfatiguelifeasa functionofthelevelof
stress.Ina latersectionitwillbe shownbyuseof’mathematical
teststhatthedispersioninfatiguelifeinthesetorsionaltestsis
independentofthestresslevelinthefracturerange.Therefore,an
over-allaverageofthevariabilitiesobtainedatthevariousstress
levelsfora givenmaterialcanbe takenforvisualcomparisonandthe
resultsofthecalculationsofRavillylsvoluminousdatacanbe sum-
marizedina singletable,asfollows:

AverageAverageMaterial Totalspecimens
a (per~ent) involved

(1)

Annealedsteel(notpresorted) 0.1851 3.@2 40
Cold-workedsteel(notpresorted) .3896 7.381 40
AnnealedArmcoiron(notpresorted).1540 2.820 60
AnnealedArmcoiron(presorted) ● 0283 .569 200
Annealednickel(presorted) .0390 .760 200
Annealedsteel(presorted) .0417 .798 lb
Annealedcopper(notpresorted) .1124 2.296 200
Annealedaluminum(notpresorted) .1218 2.589 200 ~

.
‘Chemicalcompositions,thermaltreatment,etc.arenotgiven.

Fromtheinformationinthistable,it ispossibleto drawa number
ofconclusions.Thevalidityoftheseconclusionsmustbe established
by analysisofvarianceaswillbe donesubsequently.

(1)Clearly thestatisticalvariationinthefatiguelifeofthe
steelinthecold-workedconditionissi~icantly largerthanthat
obtainedintheannealedcondition.Apparentlyinhomogeneitieshave
R FTeatereffectinthecold-workedmetalyorperhapsthecold-working
operationinitselfincreasesthenonuniformityofthematerial.

(2)Thevariabilityinfatiguelifeofannealedironislessthan
thatforannealedsteelwithbothunsortedandpreselectedspecimens.

.

. _____ .. ..-. .. —_____ — .-—. .—
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Thisresultistobe expectedsinceitislikelythatthestatistical
variationinfatiguepropertiesdependsuponthecleanlinessofthe
metal.Furtherevidenceonthispointisthefactthata limited
nuniberoffatiguetestsonpureferriteswhichwerepreparedwith
extremecareshowedlittlevariation(reference7),whiledatafor
commercialsteelscontaininginclusions,alloysegregate,andsoforth
showa widerscatter.

(3)It is alsoevidentfromthevaluesinthetablethatpreelection
of spechns by themagneticcomparatorreducedthedispersionmarkedly.
It isdifficulttounderstandwhythereshouldbe a correlationbetween
thedifferenceinmagneticresponseandthedeviationinfatiguelife
froma standardspecimen.Unfortunately,Ravillyreportedonlythemag-
nitudeofthedifferencesinmagneticbehaviorrelativetothestandard
forthevariousspecimenswithoutstatingthesignofthesedifferences.
Thusitisnotpossibleto determinewhetherthosespecimenswhichhad
relativelylowermagneticpropertieshadcorrespondinglylower-than-
standardfatiguelife.

(4)Comparingthevaluesforunsortedspecimens,itisseenthat
thescatterforthenonferrousmaterials(copperandaluminum)isless
thanthatforironor steel.It isregrettablethatthepurityand
inclusionratingofthemetalsandtheirannealingtreatmentsarenot
lmownsincethisinformationwouldbe ofextremevalueintheinter-
pretationoftheresults.In anyevent,itisprobablethatthereare
fewerticlustonsandinhomogeneitiesintheformermaterialsandthose
whicharepresentarelesseffectivebecauseofthehighductilityof
thecopperandaluminum.

StatisticsofEnduranceLimit

Theworkreviewedabovehasdealtsolelywiththefatigue-fracture
curveanduntilrecentlytherehavebeenno studiesofthevariability
oftheendurancelimit.RansomandMehl(references$ and9) inves-
tigatedthestatisticalbehaviorofthefatiguepropertiesof quenched
andtemperedSAE434-0anddiscoveredthattheendurancelimitismarkedly
statisticalinnature.Theystudiedthelongitmdhal andtransverse
fatiguepropertiesoftwoheatsofSAE4340;onelotofmaterialhada
highreductioninareaintransversetensiletest(highRAT)whilethe
otherhada lowvalue(lowRAT).A sufficientnuriberoffatiguetests
wereconductedtopermitstatisticalanalysisofthedatayielding
masuresofthedispersioninboththefracturecurvesandtheendurance
Mmlits.

Itwasfoundasa resultofetiensimtestingthatthereisa mean
endurancelimit= atwhich50percentofthespecimensfailand

— —-
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50percent“runout”anda standarddetiationa aboutthismeanendur-
ancelimit.Forexample,inonecase(transversetestonlowRAT
material),= wask6,270psiand u was2900psi. Thustherange
~ * 2U whichincludes95percentoftheendurancerangeextendsfrom
40,470to S2,070psi,a conditionwhichwaspreviouslyunlmownand
unsuspected.

It wasconcludedintheinvestigationthatthetransmwsefatigue
strengthislowerthanthatinthelongitudinaldirectionandthatthe
statisticalvariationinthefatiguepropertiesinthetransversedirec-
tionofthelowRATmaterialissignificantly~eaterthanthatforthe
longitudinaldirectionofthelowRATsteelandforbothdirectionsin
thehighRATsteel.

Ransom’sdataneednotbepresentedhereindetailsincethese
resultswillbe includedinthefinalcomparisonofdataformany
materialsincludingtheresultsofthepresentinvestigation.

Inclusions

Whileverylittleisknownabouttheeffectofmetallurgicalfac-
torsonthestatisticalnatureoffatigueproperties,it isprobable
thatinclusionsplaya roleof someimportance.Thusitwouldbe worth
whiletoreviewbrieflytheknowneffectsofthisvariable.Theeffect
of inclusionsontheaveragefatiguepropertieshasbeenstudied,but
theinfluenceofdifferentinclusionratingson the statisticalvaria-
tioninfatiguepropertieshasnotbeenevaluated.

Allinclusionsarenotdetrimentaltothefatigueproperties.
StewartandWilliams(reference10)classifiedinclusionsanddeter-
minedtheeffectofvarioustypesontheendurancelimitof steel.
Theyreportedthatthepresenceof angularandelongatedinclusions
decreasesthefatigueproperties,whilesmallroundedinclusionsdonot
significantlyaffecttheendurancelimit.Dolanand~ice (reference11)
reportthattheadditionof0.2percentlead(whichformssmallrounded
insolubleparticles)toSAE1045inthecold-drawn,normalized,or
quenchedandtemperedconditiondoesnotimpairthefatiguestrength.
VonRajakovics(reference12)foundthatfinelydistributedleadparticles
havenoeffectonthefatiguelimitoftheduraluminalloy,whilethe
presenceofhardangularconstituentsreducesthefatiguelimit.Ransom
reports(ina privatecommunication),asa resultofmetallogaphic
studies,thatfatiguecracksinsteelalmostalwaysinitiateat an
inclusion.

Theseexperimentalresultsarenotatallsurprisingsincetheyare
inagreementwiththeexistingtheoriesoffatigueandfracture.Fatigue
islmowntobe a localizedphenomenonandOrowan(reference13)has
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developeda theoryoffatiguebasedonthefactthatmetalscontain
imperfectionswhichcausestressconcentrations.‘Hepointsoutthat
understaticloadingthesestressconcentrationsarereducedbyplastic
flow;however,h thefatigueprocess,successivecycleswork-harden
thematerialintheneighborhoodoftheimperfections,therebycon-
tinuallydiminishingthereductioninstressconcentrationdueto

. plasticflow. Thisprocesscontinuesuntila conditionisapproached
inwhichthereisnoplasticfloweitherbecausetheyieldpointis
sufficientlyincreasedorbecausetheultimatestrengthofthematerial
isexceeded;inthelattercase,a fatiguefailureoccurs.

Fromthisviewit istobe expectedthat
fatigueproperties.Further,inkeepingwith
(reference14),anelon.gatedinclusionshould—
roundedparticlein initiatingfracture.

I.ROTATINGCMNTIIEVER

Experimental
$1

inclusionsmarkedlyaffect
Zener~stheoryoffracture
bemoreeffectivethana

FATIGUETESTS

Work

Materialandpreparationoffatiguespechens.-Thesourceoffatigue “
specimensforthisportionoftheinvestigationwasa forged9.91-inch-
diameterrailroadcrankpinofSAE1050(Assoc.ofAm.Railroadsspec.
M-10437,classA, forgingNo.A-n) withthefollowingchemicalcomposi-
tioninpercentby weight:

c Mn P s Si Cr Ni Mo

0.%3 0-75 0.027 0.031 0.31 0.02 0.15 0.01

Theoriginalcrankpinwasgivena normalizedandtemperedheattreatment
by heatingupto 1~0° F in7 hours,holdingfor11hours,andremoving
fromthefurnaceto air-cool,followedbyheatingup to U600 F in
6 hours,holdingfor10hours,andfurnacecooling.

All200fatiguespecimensweretakenlongitudinallyfromthesame
9.25-inch-diameterlocationofthecrankpin,andeachwasmarkedon its
endto inticateitsorientationwithrespecttotheoriginalcrankpiny
as illustratedinfigure2. Thespecimensweremachinedto 0.020-inch
oversizeon a lathewitha round-nosetooltomidnizemachinemarksy
afterwhichtheyweregroundlongitudinallyto thedesireddiameter.
Thespecimenswerethenpackedincast-ironchipsandstress-relief
annealedby heatimgfor2 hoursat1100°F followedby furnacecooling.
Thegagelengthsweretheppollshedcircumferentiallywithfineemery

__._— .
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paperto removeanygrinfingmarksandsurfaceoxideandfinallyhoned
longitudinally.Thehoningwasdoneina machine(showninfig.3)which
rotatesthespecimenat 1/4rpmwhilethepolishingstonecoveredwith
finishingcompound,reciprocateslongitudinally180timesperminute,thus
producinganetiremelyftiesurface.Befo~’testing,thesurfaceofeach
specimenwasinspectedforcircumferential’scratchesundera binocular
microscopeat 60Xandbarswererehonedifnecessati.Thedimensionsof
thetestspectinareshowninfigure4. Specimendiameterswereuas-
uredopticallyto eliminatethepossibilityofproducingmicrometermarks
onthesurface.

Thesurfacefinishonthetestspecimenswasmeasuredby a circum-
ferentialtracewitha BrushSurfaceAnalyzer.Measurementsonfour
barschosenatrandomgavethesameresultof@ microinches.This
valueisthedistancefromthe.highestpeaktothelowestvalleyonthe
surfaceandrepresentsthemaximumpossibleroughnessofthesurface
sincethetracewasmadeina directionperpendiculartothefinallongi-
tudinalhoning.

Examinationofthemicrostructureof longitudinalandtransverse
sectionsoffatiguespecimensshowedno differences.Thestructure
consistedofa proeutectoid-ferritematrixwithpatchesofpearlitein
whichsomeofthecementitewaspartiallyspheroidized.An inclusion
ratingofthematerialby thestandardSAEmethodgavean tidexof

3d - 1.4300d- cc TheA.S.T.M.grainsizewasfrom7 to8. Themicro-
structureisshowninfigure5.

Theusualmechanicalpropertiesweremeasuredsincethesedataare
of comparati~andsupplementaryvalueina fatiguestudy.Thefollowing
tableliststheresultsofthesetests:

PositionYield UltimateElongationReductionin IzodimpactRockwell
P“wt s~~ (percent)~:r~n:l (ft-1-b)cranlrpin(psi) hardness

O.D. 46,50091,375 24~5 43.7 g,l.l,g B-81
Midsection48,50091,500 24.5 39.9 9,7,8 B-82

Thetensiledataaretheresultof singletestsandthuslittlesignifi-
canceshouldbe placedonthedifferencesbetweenthe’midsectionand
outerdiameter.

Testprocedure.-Thefatiguetestswereconductedinfourrotating
machinesoftheR.R.Mooretypeat a speedof8000rpm. Extremecare
wastakeninthecalibrationandadjustmentoftheequipmentto assure

.—..—— -._. _—__—— . .—— __—_.. . - ...
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goodoperation.In addition,itwasfoundnecessaryto replacethe
originalspringmethodofloadingby theuseofactualweightsto
obtainthedesiredaccuracy.Oneofthefatiguemachineswiththe
revisedmethodof loadingispicturedinfigure6.

.

Instartinga fatiguetest,thebarwasallowedto developits
fullspeedofrotationbeforetheloadwasgraduallyappliedby adding
theproperamountofweights(scraprollerbearings)tothepails.The
usualmicroswitchandcounterarrangementwasusedtomeasurethenurtiber
of cyclesrequiredforfatiguefailure(completefracture).Specimens
whichranto 5 X 107cycleswereconsideredtobe nonfailures.

Approximately20 specimensweretestedateachofninelevelsof
stresscoveringboththefractureandenduranceranges.Measurements
weremadeoneachfracturedspecimento determinethelocationof crack
initiationwithrespecttothegagelengthandcircumferenceofthe
specimen,andinthosecaseswherefractureoccurredawayfromthe
minimumdiameterofthegagelengththepropercorrectioninthevalue
of stresswasmadeby useofthecurveshowninfigure7. Thelocation
ofthecracknucleuswithrespecttothespecimencircumferencewasalso
recordedusingtheclocknotationshowninfigure2 whichisbasedon
thepositionofthespecimenendmarks.Locationwasreportedasclock
positionsO to 6,wherepositionO liestowardtheoutersurfaceofthe .
crankpinand6 liestowardthecore. Itwasnotpossibleto distinguish
betweenpositions3 and9 sincetherearetwohalvesof a brokenspecimen.
Consequentlythosefailuresreportedforposition3 includedthosewhich
occurredinposition9. Similarlythosereportedforposition2 include
position10,position5 includesposition7,andsoforth.

Calculationof stress.-Thestresswascalculatedby theformula

S = ~, where S isthemaximumfiberstressinpsi, M isthebending

momentin inch-pounds,and Z isthesectionmodulusin inchescubed.
Thebendingmment M isgivenby M = PL,where P isthetotalload
inpoundsand L Istheleverarmin inches.Thesectionmoduluswhich
isthemomentof inertiadividedby thedistancefromtheneutralaxis
totheoutermostfiberisforthepresentcase Z = ~ D3,where D iS

32
thediameterofthespecimen.

Thestressisthusa functionoftheload,theleverarm,andthe
specimendiameter.Sincethesequantitiesaremeasured
subjectto anuncertainty,a correspondingerror
thecalculatedstressbecauseoftheuncertainty
ofthesequantitiesasgivenby theexpression:

canbe
inthe

andtherefore
introducedin
measurements



NACATN 2719 13

arepartialdifferentialsand dJ?,U, and dll.

areexactdifferentialswhichrepresenttheuncertaintyinmeasurement.

Thepercentageerrorinstressissimply100~ sothattheequa-

tioncanbe rewrittenas:

Percentageerrorinstress= 100&

Thevaluesof &&md&
Zz

~ canreadilybe obtainedby taking

thepartialderivativesoftheequationforstress.Thus,

S=; =$=E
$$

therefore
(=)=;’ (=)’~’ ‘d (=)=-+

and

[

1:0(;)dp+(;)fi+(-*) ~Percentageerrorinstress= —

PLThensubstituting— for S inthedenominatoroftheright-hand
~ D3
32 , \

sideoftheequationyields:

— .- — —..—— _ .-.
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[

dP
1

Percentageerrorin stress= 100— + ~ + (-3D)dD
P “

Theuncertainty&F’inthemeasurementoftheloadis*0.03pound,
while dL is*O.005inchand dD is*O.0001inch.Thus,fora load
of27poundswitha k-inchleverarmanda 0.300-inch-diameterspecimen,
theequationgivesthefollowingresult:

Percentageerrorinstress= 100(*O.OOU1 * o.ool&* 0.00009)

It isevidentthatthepossibleerrorinstressintroducedbyuncer-
taintiesinmeasuredquantitiesisnegligible.Thecalculatedstress
withitsmaximumpossibledeviationforthisexamplewhichistypicalof
thetestsconductedis40,742+ 102psi.

ExperimentalResultsandlrnalysis

Thescatterobtainedinboththefractureandendurancerangesof
stresswasappreciableand,sincemeticulouscarewastakeninperforming
theexperiments,thisscatterwasattributedtothemetal.Statistical
testsforsignificantdifferencesintheresultsobtainedfromthefour
machineswerenegative.Thebroadbandwithinwhichtheresultsof
200testsfellisshowninfigure8. It isseenthatthehigheststress
atwhicha nonfailurewasobtainedis42,500psi,whilefailuresoccurred
at stressesaslowas 40,000psi. Thisvariabilityisa directindica-
tionthatanexactsinglevalueoftheendurancelimitcannotbe stated,
butthatthisquantitymubtbe representedstatistically.Similarly,
themarkedspreadinthedataforthefatigue-fracturecurvesuggests
thenecessityforstatisticalevaluationofthefinitelifevalues.
Whilethebroadbanddrawninfigure8 givesthelimitswithinwhich
theexperimentalresultslie,a statisticalanalysisofthedistribution
oftheresultswithinthelimitsisfarmoreinformativeanduseful.

Statisticsoffatigue-fracturecurve.-Calculationaforthefatigue
lifeweremadeforeachofthestresslevelsstudiedinthefracture
rangeusingstatisticalmethods(references15and16). Theobserved
numbersof cyclesto fractureforthevarioustestsata givenstress
werecompiledintablesfromwhichthestatisticalparameterswere
computed. .

.

— ———— —.. ——. ——. .—-- —
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Ofparticularinterestisthearithmeticmeanwhichrepresentsthe
pointatwhichthedata“pileup.” Thisaveragevalueisobtainedby
dividingthesumofthemeasurementsby thenuriiberofobservations.Thus:

n

E xi
Y = ‘=1

n

where% isthearithmeticmean, Xi isa measurement,and n isthe
numberof observations.Inthepresentwork,thevariableinvolved
is N, thenumberof cyclestofractureata givenstress.However,
sinceitisknownthatthedistributionisnormalwithrespectto iOg N
ratherthan N itself,theformerisusedinthecalculationof”the
mean. Thustheexpressionforthearithmicmeanbecomes:

J-L

where logN isthemeanofthelogarithmsofthefatigue-lifevalues.
LogNi isthelogarithmof a measurementofthenumberof cyclesto
fractureand n isthenumberoftestsconductedat a givenstress
level.Themeanfatiguelifeintermsoftheactualnumberof cycles~

— 1 Theresultsof cal-isobtainedbytakingtheantilogarithmof logN.
culationsofthemeanfatiguelifeatthevariousstresslevelsare
summarizedinthefollowingtable:

Meanof Standard Relative
Stress logsof Meanlife,~ Unbiased esttite standard
(psi)lifevalues, (cycles) standard oferror,de~ation,V

logN deviation,C G,_
logN

(percent)

45,000~ 000 5.73548 5.438X 105 0.1458 0.0~36 2.542
5.97802 9.507 .2126 ● 04638 3.556

43;000 6.17060 1.481x 106 .1601 .03773 2.594
42,500 6.15482 1.429 .2212 .04946 3.593
42,OOO 6.28467 1.926 .2696 .06740
:,:: 6.34349

4.289
2.205 .176!3 .04903 2.7’87

Y 6.46617 2.925 .2030 .05425 3.139

thenuuiberof cyclesto failure,butsimplyastheantilogarithmof
logN. However,itwillbe convenienttouse ~ whentalkingaboutthe
expectedrangeanddistributioninfatiguelife.

— — .—.— .—
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It is seenthatthemeanfatigueMfe increaseswith
asexpected,butitwillbe sho”mthatthevariation

NACATN 2719

decreaseinstress
infatiguelife

withstressinanS-Ndiagramdoesnotfollowthesimplecurvewhichis
usuallydrawn.

Whilethearithmeticmeanrepresentsthatvalueatwhichtheresults
tendto “pileup,” itdoesnotindicatethedispersioninthedata.A
convenientmeasureofthedispersionina setof observationsis u,the
standarddeviation.Fora normaldistribution,therangeof *1u about
themeanincludes68percentoftheobservations,the *2u rangeincludes
95percent,andthe *3u rangeincludes99.7percentoftheresults.
Theformulawithwhichthestandarddeviationis calculatedfromthedata
is: .

l/2

()

n
x xi2

a i=l - ~2=
n

orforthepresentcase:

usingthesamenomenclatureasbefore.

It isrecognizedthata groupoftestspecimensconstitutesa sample
of allpossiblespecimensb a parentuniverse.Thus,becauseofthe
samplesize,thevaluecalculatedfora groupof spec~ns by theabove
equationmaynotapplytotheuniverse.An wibiasedvalueofthe
standarddeviationfortheuniverseisobtainedby multip~ngthevalue

/2

(r
forthesampleby & where n isthesamplesize. It isevi-

dentthatthisfactorbecomessignificantwhenthesamplesizeissmall.

Anotherstatisticalparameterofinterestisthestandardestimate
oferrorwhichis a measureofthepossibleerrorbetweenthearithmetic
meanof a groupof spec5mensandthetruemeanoftheuniverse.This
quantityiscalculatedby theformula:

.

——— ..—.
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where U— isthestandardestimateoferror,u istheunbiased
logN

standarddeviation,and n isthesamplesizeornuniberof specimens
inthegroup.Thesignificanceofthestandardestimateoferroris
thatthereisa @-percentprobabilitythatthetruemeanforthe
universelieswithfitherangeof *lcr—logN aboutthesamplemean

(or a 95-percentprobabilityforthe *2a—logN )
range,etc..

Valuesoftheunbiasedstandarddeviationandthestandardestimqte
oferrorarelistedintheprecedingtableandplottedwiththemeanlife
andstressinfigures9 and10. Figure9 showsthemeanlifeandthe
rangesof 21a—logN and *2a—logN aboutthemeanforthevariouslevels

of stress.Itappearslikelythatthefatigue-fracturecurveisnota
straightlineora simplecurveconcaveupwardtotheright,as itis
usuallydra~m.Whilesuchsimplecurvesmaybe drawnthroughthedata
infigure9 by selectingvalueswithinthe95-percentband *2u—

( )logN ‘

( )useofthemeanorthe68-percentband *lu—logN indicatesthatthe

fatiguecurvehasa pointof inflectionand,beingasymtoticto the
meanendurancelimitandbendingtowardthestressaxis,hasa form
somewhatlikethatofa sigmoidcurve.

Thestatisticaldistributionoffatiguelifeaboutthemeanis
showninfigure10fromwhichit isevidentthatthereisappreciable
dispersion.Forexample,ata stressof 45,000psi,themostprobable
fatiguelife(themean)is5.2X l&’cycleswhilethereisa E&percent
probability(flu)ofobtaininga lifebetween3.8x 105and7.6x lo
cycles,ora 95-percentprobability(*2u)ofobtaininga fatiguelife
between2.7x 105and1.Qx 106cycles.

A questionofextremeinterestandimportanceaxiseswithregard
tothestatisticaldistributionofthefatiguelife:Doesthevari-
abilityinlifechangeina consistentmannerwithchangeinthelevel
ofstressinthefracturerange?Ithasbeenthegeneralbeliefthat
thedispersioninfatiguelifeincreaseswithdecreaseinstressin
thefracturerange.An answertothequestionmightbe obtainedby
visualinspectionofthespread(U values)intheresultsplottedin
figure10,butthisanalysisissomewhatsuperficialanda rigorous
mathematicaltreatmentwouldbe mme desirable.Sucha treatmentis
available(reference17)anditsapplicationtotheproblemhasshown
thatwithintherangeofstressesused,thevariabilityinfatiguelife
didnotdependuponthestresslevel.It shouldbe emphasized,however,
thattherangestudiedwasthroughnecessityquitenarrow.Themethod
ofthemathematicaltestusedisbrieflysummarized.
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A parameterM knownasHartley’sstatisticiscalculatedfrom
thedataandcomparedwith M valuesgivenina table.i%theobtained
valueof M islessthanthatgiveninthetable,itmaybe concluded
thatthediffe~ncesinthevaluescorrespondingtothevariousstress
levelsisnotsignificant.TheHartleystatisticiscalculatedfrom
theequation:

where

at2 variance

Vt =Nt-l

I?t nuniberof specimenstestedat givenstresslevel

t =1,2, . ..K

K nuniberof stresslevelsinvestigated

N= ~l+~p+...+~k

Thevalueof M obtainedfromthedatawas9.53whichislowerthanthe
valueof 12.59fromthetable,anditmaythereforebe concludedthat
thevariancedispersionisnotsignificantwithinthelimitedrangeof
stressesinvestigated.

SimilarcalculationsoftheHartleystatisticweremadewiththe
SAE1045and75S-Tdata,takenfromthefirsttablepresentedinthe
section“LiteratureReview,”whichcovera widerstressrange.fiboth
cases,itwasfoundthatthevariancedispersionissignificantso it
maybe saidthatherethedispersioninfatiguelifedoesincrease
withdecreaseinstresslevelwithinthefracturerange.

Statisticsofendurancelimit.-Inmakinga statisticalanalysis
of theendurancelimittheactualnumberof cyclesa specimenundergoes
isnotof importanceas it isinthestudyofthefracturecurve.In
theendurancerangetheconsiderationiswhetherthespecimenbreaks
or doesnotbreakanditisassumedthatifa lifeof5 x 107cyclesis

. — —--—
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obtainedwithout
Thesituationis

fracture,thespecimen
similartotoxictests

Groupsofbugsare-subjectedtovarious

19

maybe considereda nonfailure.
onbugsinbiologicalresearch.
lethaldosagesandthepropor-

tionofdeathsnoted.Thenumberofminutesa buglivesafterbeing
poisonedisofno interest,butthepercentageofbugswhichsuccumb
to givendosagesyieldsusefulinformationwhenanalyzedstatistically.
Infatiguetests,thelevelofstresscorrespondstotheconcentration
ofthedosageintoxictestsandfatiguefailurerepresentsdeath.
Thus,thehighlydevelopedstatisticalmethodsusedinbiological
research(reference18)canreadilybe appliedto studyoftheendur-
ancelimitinfatigue.

ThepercentageoffailuresforspecimensofSAE1050obtainedat
thevariousstresslevelsaregiveninthefollowingtable:

Stress Nuder Total Percent
(psi) of

failures tests failures

43,000
42,500
42,000
41,500
41,000
40,500
40,000

18
20
16
13
14
8
4

~8
a
18
20
a
a
17

100.0
95.2
88.9
65.0
66.7
38.1
23.5

As expected,theproportionoffailuresincreasedwithincrease
instresslevel.A “mor-tdity”curveisplottedonUnea coor@tes
infigure11usingthedatagivenintheprecedingtableanditis
seenthatthevaluesfallona sigmidcurve.Itwillbe recalled
thata sigmoidcurvecanbe expressedanalyticallybytheprobability
integralorGaussianerrorfunctionandthusbecomesa straightkine
whenplottedonprobabilitygraphpaper.Figure12 showsthedata
replottedonprobabilitypaperyieldinga goodstraightline.

Thestress~ atwhich50percentofthenonfailuresoccurred
(definedasthemeanendurancelimit)was40,800psi. Thestandard
deviationa isthereciprocaloftheslopeofthestraightlinein
figure12 andisobtainedfromtheequation:

Y=5+: (S-S)

-.. —.—.-. . -.—---—. — .—— — —— —— — ——-— —-—
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where

a standsrddeviation

ET meanendurancelimit, psi

s levelof stress,psi

Y probitofpercentageoffailurescorrespondingto
stressS

5 probitof50percentoffailures

Theprobitisa solutionoftheGaussianerrorfunctionfora given
percentage.Convenienttablesareavailable(reference18)for
changingpercentagestoprobits(probabilitygraphpapermakesa some-
whats~lar transformation).2

Calculationof a yieldsa valueof1028psi. Thus,
S-*2U = 40,800+ 2056psi andtherange ha (whichincludes95per-
centQfthepossibleendurancelimits)is4112psi. Themeanendur-
ancelimitanditsstandarddeviationareshowninfigure10. It iS
seenthattheenduranceandfracturerangesoverlapandthequestion
mightariseastowhynonfailureswerenotobtainedatstresseshigher
than42,500psi(thehighestobservedstressfora nonfailure)aspre-
dictedby thestatistics.Forexample,thestatisticspredictthat
ata stressof 43,940psi(314-0psiabovethemeanendurancelimit)
thereshouldbe O.1-percentnonfailures;but,inorderto getonenon-
failureatthisstress,it isnecessarytotest1000specimens,while
only20 specimensweretestedateachstresslevel.Similarly,the
statisticspredictthatoneoutofevery1000specimenstestedata
stressof 37,660psi(314$)psibelowthemeanendurancelimit)would
break.

Statisticsoflocationof crackinitiation.-Measurementsofthe
locationoffatiguecrackinitiationwithrespecttoboththegage
lengthandcircumferenceofthespecimenswereanalyzedstatistically.
Thisportionoftheworkisof interestfortworeasons.Iffailure
initiatesata pointalongthegagelengthawayfromtheminimum
diameter,itimpliesthatthestressatthispoint(althoughnominally

%s state~ntoftheprobitmethodissimplifiedforconvenience.
Theactualprocedureinvolvesdrawinga provisionallinethroughthe
datapoints,a testofthegoodnessoffitofthislinewiththeexperi-

2 test,anda mathematicalsolutionforthemeanmentalpointsby a X
andsloperatherthana simplegraphicalsolution.Themethodispre-
sentedindetailbyFinney(reference18). .

.
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lower)isactuallyashighas orhigherthanthestressat theminimum
diameter,presumablybecauseofthestressconcentratingeffectof
someinternalinhomogeneity.Sinceextremecarewastakeninthe
preparationof specimensandthecalibrationofthemachines,itis
feltthatsuchbehaviorcouldnotbe attributedto experimentalerror.
Thus,thefrequencywithwhichfailuresoccuratpointsawayfromthe
minimumsectionisanindicationoftheinhonmgeneousnatureofthe
material.Secondly,comparisonofthenwaberoffailureswhichoccur
atpositionsaroundthespecimencircumferencewiththeprobablenumber
predictedforrandombehaviorgivesan indicationofthedegreeof
honmgeneityoftheoriginal.cranlcpinfromwhichthespecimenswere
obtained.

Thedistancealongthespecimengagelengthfromthepointat
whichfractureinitiatedto thecenterline(pointofminimumdiameter)
wasmeasuredandreportedasa section”nuniber.Forexample,those
fractureswhichoccurredwithin1/64inchfromtheminimumdiamter
wereconsideredtobe insection1,thosewhichoccurredbetween-1/64
to -2/64inchandbetween1/64and2/64inchfromtheminimumdiameter
werereportedasbeinginsection2, andsoforth.Thelocationofthe
sectionswithrespectto thespecimsnisshowninfigure13. Thenumber
offailureswhichoccurredinthevarioussectionsissummarizedinthe
followingtableandplottedinfigure14. It is shownthata co-miderable

Section

1
2
3
4
5
6

:

9
10

Numberof
failures

54
35
19
16
6
3
3
2
1
1

Percent
failures

38.6
25.0
13.6
11.4
4.2g
2.14
2.14
1.43
.714
.714

,-

.

. J.,

numiberoffracturesinitiateatpointsawayfromtheminimumdiameter
andthatthisnumberdecreaseswithincrease
centerline.Thecurveinfigure14 appears
probabilitycurveandthereforesuggeststhe
a straightlineonprobabilitygraphpaper.
cedingtable,replottedonprobabilitypaper
a straightlinefairlywell. Thisresultis
statisticalaspectofthebehaviorofmtals

indistancefromthe
similarto onetypeof
possibilityofobtaining
Thedatafromthepre-
infigure15,approximate
furtherevidenceofthe
underalternatingstresses.

_— -——— — ——— —— — .—..
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Thefrequencywithwhichfractureoccursatpointsremovedfrom
theminimumsectionwoulddependupontheradiusof curvatureofthe
specimengagelengthaswellasthesizeandrnmiberof inhomogeneities.
Certainly,ifsharplyV-notchedspecimenswereused,therewouldbe no
failuresinitiatedatpointsotherthantheminimumsection.No attempt
wasmadeto calculatea distributionof stressconcentratorsfromthe
thedatainfigures7 and14,buttheexistenceof sucha statistical
distributioncanbe inferredfromtheresults.

Theresultsof observationsofthelocationofcrackinitiation
withrespectto thecircumferencearesummarizedbelow.A certain

Clock
position

o
1
2
3
4
5
6

I
Nuniber Fraction
of of

failures failures

9 0.06428
21 .1500
15 I .1071
26 .1857
23 .1643
25 .1786
21 .1500

Theoretical
fraction

for
randomness

0.0833‘
.1666
,1666
● 1666
.1666
.1666
.0!333

Percentage
deviation

from
randomness

-22.93
-9.96
-;;.g

-1:38
7.20
80.07

fractionofthetotalnumberoffailuresoccurredateachoftheclock
positionsandcomparisonofthisfractionwiththetheoreticalfraction
basedoncompleterandomnessleadsto an interestingresult.

Onthebasisofrandomness,thereisanequalprobabilityoffrac-
tureinitiationateachofthe12 clockpositions(Oto 11)aroundthe
circumference.Thusthe-theoreticalfractionoffailuresforeachof
12positionsisl/12or0.0833.Asmentionedpreviously,measurement
cannotdistinguishbetweenpositions3 and9, 2 and10,5 and7,and
soforth,whilepositionsO and6 areunique.Therefore,thetheoretical
fractionforeachofthepositions1 through5, inclusive,(whichinclude
positions11through7,respectimly)is2 times0.0833or0.1666andis
0.0833forpositionsO and6. Thepercentagedeviationsoftheobserved
fromthetheoreticalvaluesbasedonrandomnessaregiveninthepre-
cedingtableandplottedinfigure16. No greatsignificanceisplaced
intheactualnumericalvalues,butthemarkedtendencyisobvious.‘
Failureinitiatedfarmoreofteninlocationswhichlietowardthecore
oftheoriginalcrankpinthanwouldbepre~ctedonthebasisofprob-
abilitiesforrandombehavior.

Whiletheactualforgingreductionfromingotto crankpinisnot
lmown,itprobablycanbe assumedthatthisreductionwasnomore

.

.
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than4:1(thecrankpindiameteris9.91in.). Thisreductionis~uf.
ficientforthoroughhot-workoftheingotto itscore,whichmight
explainwhyfailurestendedto initiateat specimenlocationswhichlie
towardthecenteroftheoriginalcrankpin.,

Discussion

Statisticalnatureoffatigueproperties.-Therecm be no doubt
thatfatiguepropertiesarestatisticalinnature.Thisfactis
extremelyimportantinengineeringdesignwithregardtoboththe
fractureandenduranceranges.Inthedesignofpar@ fora finite
lengthof service,suchasautomobileparts,itmustbe recognized
thatstatisticallysomefailuresmayoccurprematurely.Forexample,
ithasbeenfoundthatat a stressof 45,000psithemeanlifeofthe
SAE1050steelis5.2x 105cycles,butthereisa 16-percentprob-
abilityofhavinga lifelessthan3.8x 105cyclesand”a 2.5-percent
probabilityof obtainingfailweinlessthan2.7X 105cycles.Such
variabilityinthefatigqelifeshouldbe recognizedandtakeninto
considerationinthechoiceoftheproperfactorof safety.similarly,
thestatisticalnatureoftheendurancelimitshouldbe a sourceof
concerntotheengineerindesigningpartsforinfinitelife. It haS
beenshownthatO.1-percentfailureswouldoccur,inthematerial
studied,at a stressof 3140psibelowthemeanendurancelimit.
Informationofttistypeforthematerialinvolvedshouldbe a guide
tothedesignerinhisselectionof operatingstresses.

Theinterestingcomparisonoftheresultsofthisstatistical
studyofthefatiguelifeandendurancelimitwiththedataforother
metalswillbe deferreduntilaftertheexperimentalworkofpartII
hasbeenpresented.

Whilethisportionoftheinvestigationdidnotgivea verysatis-
factoryanswertothequestion,otherworkhasindicatedthatthe&is-
persioninfatiguelifeincreaseswithdecreasein stresslevelwithin
thefracturerange.Thisconclusionisstillsubjectto somedoubt,
however,becausealltheworkwhichshowsthiseffecthasbeendonein
rotatingtestmachineswhichdefinefatiguefailureby completefracture.
Thus,thenuniberof cyclesmeasuredincludesthecyclesrequiredtoproy-
agatea crackaswell.asthosenecessaryto initiatefailure.Bennett
(reference19)hasshownthattherateofpropagationof a fatigue
crackincreasesrapidlywithincreaseinthelevelof stress,sothat
propagationismuchmorerapidathighstressesthanatlowlevels.
Thesedifferencesintherateof crackpropagationareincludedinthe
measuredscatterofthefatiguelifeandmayinpartexplainwhythe

—.-——-———. .——.——-—— — .— —
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dispersionincreaseswithdecreaseinstresslevel.
experimentalwork,thisproblemisstudiedproperly

NACATN 2719

b partIIofthe
by usingtest

machineswhichdefinefatiguefailureby thehitiationof a crack
ratherthancompletefracture,thuseliminatingthecomplicationof
therateof crackpropagation.

S-Ndiagrm- Oneoftheinterestingresultsofthisinvestigation
is theobservationthatthefatigue-fracturecurveintheS-Ndiagram
isnota straightlineora simplecurve,concaveupwardtotheright “
as it isusuallydrawn.Ithasbeenfoundthatthecurvehasa point
of inflection,bendingtowardthestressSXiSat shofierlife(~gher
stress) andtowardthemeanendurancelimitatlongerlife.This
resultmayreadilybe understood;tideeditisinagreementwith
prediction.

Thetensilestrengthrepresentsthestressrequiredtoproduce
fracturein one-quarterofan alternatingcycle(i.e.,fromzeroto
maximumstress). H thetensilestrengthisplottedinanS-Ndia~am,
itis seenat oncethatthecurvemustbendtowardthestressaxisat
shorterlifeinthediagram.Rigorously,useshouldnotbe madeof
thetensilestrengthunderstaticloadingbutofthevalueobtainedat
thesamestrainrateasthatofthefatiguetest.Thecorrectionfor
strainrateimthetensilestrengthissmall,however,sothatthe
dynamictensilestrength(atthesamestrainrateasa fatiguetest)
isapproximately1.25t~s thestatictensilestrength(reference20).
T& generalformofthepredictedS-Ncurveisnotchangedappreciably.

To determinetheshapeofthecompleteS-Ndiagramexperimentally
itwouldbe necessaryto conducttestsata numberofrelativelyhigh
stressesapproachingthetensilestrength.Oneoftheprincipaldif-
ficultiesencounteredinfatiguetestsatverytighstressesisthe
develowentofan adiabaticcondition.Heatingof specimmsdueto
therelativelyhighstressesandfrequencyofalternationcomplicate
theexperiments,butpsrhapsthiseffectcouldbe overcomeby using
coolantsanda lowerspeedoftest.Experimentsatthesehighstresses
areincludedinpartII.

Recentlya paperbyWa12gren(reference21)hasbeenpublishedin
whichappearseveralcompleteS-Ndiagrams.Oneoftheseisreproduced
infigure17to showtheformofthecurvewhichisina~eementwith
thepredictionmadeabove.ItisseenthattheS-Ncurvehasa point
of inflectionandetiendsbackwardcontinuouslyto thetensilestrength.
WalJgrenhasusedthestatictensilestrengthandplotteditsvalueat
1 cycle,whichisessentiallythesameasone-quarterofa cycle.NO
mentionismadeoftheheatingeffectduringtest,butpresumablyit
wasavoidedsinceSOB oftheexperimentswereconductedatfrequencies
as lowas180cyclesper-te.
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TheimportanceofknowingtheproperformoftheS-Ncurvecannot
be overemphasized.Thepresentmethodofplottingfatiguedata,which
isessentiallythesameasusedbyWoHer in1865,@elds no informa-
tionbeyondwhattheexperimentalpointsthemselvesshow.However,
ifthetrueformofthecurveisknown,thepropercoordinatesmaybe
chosensothata straight-linefatigueplotwillbe obtained.The
advantagesof a straight-linerelationshipbetweenstressandnumberof
cyclesto failureareapparent.Sucha relationshippermitscalcula-
tionofparameterswhicharecharacteristicofthematerial,facilitates
extrapolationandtiterpolationofthedata,
spuriousdatapoints.

Weibull(reference22)hasattemptedto
S-Nplotby assumingthefollowingequation:

andservesasa checkon

obtaina straight-tine

N = k(S-~)-m

where

N numberof cyclesto failure

k,m constants

s stress, psi

s endurancelimit,psi

Thus,accordingtothisview,a plotof logN against
a straightline.

log(S-S) is
UsingRavilly’sdata,Weibullhasshownthatsucha

plotgiveseithera straightlineOFtwostraightlines.Itis quite
obvious,however,thatthtsequationcannotapplytotheentireS-Ncurve
sinceextrapolationto N = ~ givesa valuewhichismanytimeslarger

4
thanthetensilestrength.Weibull’sequationhasbeenappliedto the
dataonSAE1050obtainedinthisinvestigationandthedataobtained
byWallgrenandinbothcasesthestraight-linerelationshipwasnot
obtained.

Itisproposedthata newequationbasedontheGaussianfunction
expressestherelationshipbetweenstressandthemeannumberof cycles
tofailuremoreadequately.An applicationoftheproposedmethodis
illustratedinfigure18,utilizingWallgren’sdata.Thestressesare
convertedto a percentageoftherangebetweentheendurancelimitand
thetensilestrengthandplottedagainstlogN onprobabilitypaper
to obtaina goodstraightline.Themathematicalrelationshipsinvolved
andtheusefulnessofthemsthoddillnowbe demonstrated.

.
_ . -—.——————z ,_.— —. -—
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Thenormal
errorfunction:

NACATN 2719

statisticaldistributioncurveisgivenby theGaussian

r -t2/2~~

‘=@(x)=* -’=’

where

$ errorfunctionof

x functionofnuniber

x

of cyclesto failure

t variableof integration

Thiscurvehastheformofa si~oidcurve.The
curveis s~ly:

.
Y=p-kq

ThecompleteS-I?curveextendscontinuously
strenethtotheendurance,as showninfigwe 17

reciprocalofthis

fromthetensile
takenfromWall-n’s

work~reference21). Ifthestressvaluesarerecalculatedon a per-
centagebasisoftherangebetweenthemeanendurancelimitandthe
tensilestrength,thentheS-Ncurvehasthesameformasthecurve

for y = ~ - #(x]* Thispercentstressisgivenby:

where

S* percent
limit

stress,

stress(percentageof
andtensilestrength)

psi

rangebetweenmeanendurance

man endmancelimit,psi

tensilestrength(preferablycorrectedforstrain
rate),psi

-- —. .-
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Thustheequation’forthefatiguecurvebecomesS* = loo~ - $(XJ
andtheparameterX isa functionofthenumberof cyclesto failure.
This parameteris”‘.’kllenas X = a logIi- C,where a ~d c ~
constantsforthei@erial. Theconstanta hasa valueof1 ifthe
curvehasthesameslopeastheGaussianfunction(normal)inprob-
abilitycoordinatesandtheconstantc protidesforthenecessary
displacementofthecurvewithrespecttotheabscissa(itwillbe
recalledthattheabscissaoftheGaussianfunctionextendsfromminus
toplusvalueswhile,ofcourse,thefatiguecurvehasallpositive
values).

Havingmade
curvebecomes:

thesesubstitutions,theequationforthefatigue

S* = 100~ - !l@

where

X=alog N-c

()s-~ ~-)o.s*=_
Su -s

It isthisfunction(i.e., S* againstlogN)whichgivesa straight
linewhenplottedonprobabilitypaper(seefig.18)withslope a
andinterceptc.

Substitutingtheexpressionfor S* backintheequationyields:

()s -5
~ 100 = 100~ - #(alogN - c~

andsolvingfor S gives:

.—. —.—. —.— .— “—~-” .— —.-.—.——
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whichisanexpressionforthestressasa functionofthenumberof
c“yclesto fractureinvolvingtheendurancelimit,thetensilestrength,
andthetwoconstants.Forthespecialcaseofwhentheendurance-
limit- tensile-strengthratiois1/2,theequationbecomes:

Theuseoftheserelationshipsintherepresentationoffatigue
datawillbe illustratedby anexampleusingresultsfromWallgren’s
work.‘Allstressesarecalculatedaspercentagesbymeansofthe

()s - s-looequationS* = HavingdeterminedS* values,thecorre-
Su-s “

spendingvaluesof @(alogN - c) canbe computedbyusingtherela-

[ @(tion S* = 1001 - alogN- 1c) . Oncethevaluesof @(alogN - c)

arelmown,thecorrespondingquantitiesof (alogN - c)canbe obtained
fromprobabilityerrorfunctiontablesandfinallytheconstantsa
and c canbe evaluated.

Forexample,itisbown thatthetensilestrengthis106kilograms
persquaremillimeterandthemeanendurancelimitis20kilogramsper
squaremillimeterforthesteeltestedby Wsllgren.Itwasfoundthat
at a stressof23.4kilogramspersquaremillimeterthefatiguelife
is106cycles.Thuswhen logN is6 (i.e.,log106= 6):

s+ . ()s- = 100= 23”4-20=4 percent ~
Su-s 106- 20

s~l=ly otherS* ~d logN combf,~tio~maybe calculatedfrOm
thedata.Thecorrespondingvalueof @(alogN - c) iscalculated
asfollows:

S*=100~- @(alogN- cl

4 = 100~ - @(alogN - c~

therefore

@(alogN - c)= 0.96

.— --.———--- —
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probabilityerrorfunctiontables,itisknownthatwhen
= 0.96 then X = 1.8. Thus (alogN - c)= 1.8 and,sincein
case log1?= 6,theequation(6a- c)= 1.8 isobtained.

Repeatingthisprocedureforseveralcombinationsof S* and logN
resultsina seriesofsimilarequations,anytwoofwhichcanbe used
to evaluatea and c. Thefollowingtablesumar-lzesa fewvalues
calculatedfromWallgren’sdata.

using

it is

(peflent) logN @(alogN - c) (alogN - c)

4 6 0.96 1.8
13 5 .87 1.1

4 .70 .5
$ 3 .46 -.1

2 .24 -.7

simultaneousequations,forexaqle:

(5a- c)= 1.1

(3a- c)= -0.1

foundthat a = 0.6 and c = 1.9. Substitutingtheseconstants
backinthegeneralequationsyields:

S*= 100~ - @(o.6logN - 1.9]

or

{
S =2o l+4.3~-~(0.610gN- 11.9j-J

Theseexpressionsquantitativelydescribetherelationshipbetweenthe
stressandthenumberofcyclestofracturewhichhashithertobeen
unknown.It isexpectedthattheconstantsa and c dependupon
thematerial,butthegeneralmethodshouldapplyinallcases.

Havingestablishedthisrelationshipforonecase,itwouldbe
desirableto applythesametreatmentto otherfatiguedata.Unfor-
tunately,theotherdataintheliteraturearenotsuitableforthis

—— — — ——
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purpose.Mostfatiguedata,including
SAE1050reportedherein,donotcover
stressestoprovidea completeplotby

WA TN 2719

theexperimentalresultson
a sufficientlywiderangeof
thismethod.Thedeficiency

isparticularlymarkedathigherstresseswherefailureoccursina
numberof cyclesontheorderof 104. Then,too,mostdeterminations
oftheS-Ncurvearemadewithtoofewspecimensto establishaccu-
ratelythemeanlifeateachstresslevel,whichmustbe knownin
orderto checkproperlythevalidityoftheproposedrelationship.
OneofthepurposesoftheexperimentsreportedinpartIIisto
obtainthenecessarilycompletedataforcheckingtheproposedmethod
ofpresentingfatiguedata.

ThereisanotherpointwithregardtotheS-Ndiagramchatis
worthyofcarefulconsideration.Ithasgenerallybeenbelievedfor
manyyearsthatonlyironandsteelshaveenduranceMnits andthat
othermaterialshaveno saferangeunderfatiguestresses.ThiSmyth
willprobablybe asdifficultto dispelastheoldconceptthatfatigue
failureoccursbecausethemetalhas“crystallized.”

Thereisampleevidencethatmanynonferrousmaterialsdohave
anendurancelimitandundoubtedlya saferangecanbe foundforall
materialsprovidedthetestsarecontinuedlongenoughandat suffi-
cientlylowstresses.Gough(reference23)determinedtheendurance
limitof singlecrystalsofpurealuminum.Naturally,thestresswas
low,buttheexistenceof a saferangecannotbe disputed;atthe
endurance-limitstress,slipoccurredduringtheearlierstagesof
testbutceasedaftersomenumberofcycleswhereuponanelasticstate
wasachievedandfailurewasnotobtainedevenbeyond108cycles.This
behaviorisexactlythesameasthatobservedinendurance-limittests
onferrousmaterials.

A reviewoftheliteraturedisclosesthefactthatendurancelimits
havebeenfoundforothernonferrousmaterialsaswell. Fatiguedata
forpuretitanium(reference24)giveninfigure19,forpurelead
(reference25)giveninfigure20,andforpuregold(reference26)
giveninfigure21showtheexistenceofendurancelimitsforthese
materials.Thus,thereisno longeranyreasontobelievethatonly
ferrousmaterialshavea saferange.Indeed,fromtheexistingknowl-
edgeofthemechanismoffatigue,perhapsitistobe expectedthat
ferrousandnonferrousmaterialsdonotdifferintheirfundamental
behaviorundercyclicstresses.

.

. —— .— —- - . . ..——
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II.VIBRATING-CANTILEVERFATIGUETESTS

ExperimentalWork

\

Materialsandpreparationoffatiguespecimens.- T& Armcoiron
wasobtainedintheformofa hot-rolledplate(3/4by 39 in.,sheared
into7-in.lengths)withthefollowingchemicalcompositioninpercent
byweight:

c Mn s Cu P Si

0.020 0.027 0.019 0.069 0.003 0.001

TheoriginalplatewhichhadanA.S.T.M.grainsizeof 4was heat-treated
torefineandequiaxthegrainsby heatingto 6500C in~ hours,holding

forl% hoursattemperature,andfurnacecooling.Thislong-timeanneal

wasusedbecausethelargemassoftheArmcoplatepreventedrapidcooling
toa subcriticaltemperatureasrequiredfora gamna-alpha-typeheat
treatmentforrefiningthegrainstructure.Theresultantstructurefrom
theannealingtreatment(showninfig.22)hadanA.S.T.M.grainsize
of6. TheSAEinclusionratingwas 2vd- 1.19vd- D. AlloftheArmco
ironfatiguespecimensweretakenlongitudinallyfromtheheat-treated
plateandtheirorientationwassuchthattheirplaneofbendinginflex-
uraltestwasperpendiculmtotheplaneofrolling.Thespecimenswere
machinedandfinish-groundtothedimensionsindicatedinfigure23 and
givena finalstress-reliefannealina vacuumfurnaceby heatingat
500°C for1 hourandslowcooling.Thespecimensweregivepa final
longitudinalpolishwith3/0enerypaperandcarefullyinspectedforsur-
faceimperfectionsbeforetesting.

. Hardnessandtensiletestsweremade,theresultsofwhicharegiven
below.Thevaluesreportedarethemeansofthreedeterminations.

Ultimatestrength,psi. . . . . . . . . . . . . . . . . . . . . 42,200
O.1-percentyieldstrength,psi . . . . . . . . . . . . . . . . 19,900
Elongation,percent. . . . . . . . . . . . . . . . . . . . . . . 42.9
Reductioninarea,percent. . . . . . . . . . . . . . . . . . . . 75.9
Rockwellhardness. . . . . . . . . . . . . . . . . . . . . . . . B-53

Hot-rolledbarstockofSAE4340wasobtainedfroman aluminum-
killed,basicelectric-furnaceheatwiththefollowingchemicalcomposi- ‘
tioninpercentbyweight:

. — ———.. —- . . --—— -— .—
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c Mn P s Si Cr Ni Mo

0.35 0.83 --- --- 0.27 o.~ 1.82 0.37

Thiscompositionisalmostidenticalto thatofthesteelusedby
Ransominhisresearch(reference8).

A numberofprelhdnaryheat-treatmentexperimentsweremadeon
thismaterialto establishitssuitabilitywithregardto quench-
crackingsusceptibility,sinceitwasfoundthatotherheatsofthis
typeof steelcrackedbadlyuponquenchingpieceswiththedimensions
requiredforthefatiguespecimens.Fatiguespecimenblanks(7/16by
13/16by $ in.)weremachinedfromthismaterialandseveralother

heatsofSAEk3k0forwhichthequench-crackings~ceptibilitieswere
known.Theseblanksweresubjectedto oil-andwater-quenchingafter
anaustenitizingtreatment(2hr at84s0C) andthensectioned,macro-
etched,andcarefullyexaminedforquenchcracks.Theresultsofthese
experimentscorrelatedverynicelywiththeworkdoneatthislabora-
toryon a standard@ench-crackingsusceptibilitytest(references27 ‘
to a). Itwasfoundthatfatiguespecimenblanksofthosesteels
whichhada poor ench-crackingindexinthestandardsusceptibility

rtest(e.g.,a 3/1-in.index)crackeduponquenchingineitherwater
or oil. Ontheotherhand,thoseheatsofSAE434-0whichhada favor-
ableindexinthestandardtest(indexgreaterthan1/2in.)didnot
crackwhenquenchedineitheroilorwaterintheformoffatigue
specimenblanks.Theheattakenforthepresentfatigueexperiments
wasoneofthelatterandmoredesirablegroup.Furtherattemptsto
producequenchcracksh thissteelby repeatedaustenitizing-quenching
treatmentswereunsuccessful,sothatthematerialwasconsideredtobe
suitableinthisrespect.

Thebulkoftheoriginlbarstock(9/16-by l-in.flat)wasthen
cutinto7-inchlengths,rough-machinedto 7/16by 13/16inchto remove
themillscaleanddecarburizedlayer,andthenheat-treated.Fatigue
specimenswerethenmachined,ground,polished,andinspectedinthe
sanemannerasweretheArmcoironspecimens.Thestress-relief
annealingtreatmentwas,inthiscase,ata temperatureof~0°C below
thetemperingtemperatureandthethiclmessofthespecimenwas
O.0~0 inch. OnesetoffatiguespecimensofSAE4340wasgivena
quenchedandtemperedheattreatmentwhichcorrespondsto a tensile
strengthof approximately160,000psi,whileanothersetwasquenched
andspheroidizedto a tensilestrengthof 100,000psi. Thesetreat-
mentswerechosento covera rangeinstrengthlevelswithdifferent
microstructureandtofacilitatecomparisonoftheresultswithRansomts ‘
workonthestatisticalnatureofthefatiguepropertiesofSAE4340,

.

.
. .
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heat-treatedto a tensilestrengthof IZ5,000psi. Thepropertimes
andtemperaturesforheattreatmentto developthedesiredstrengths
andstrictureswereobtainedafteranextensivestudyofthemicro-
structure,tensileproperties,andharnessesproducedby different
tepperingtreatments.ThissteelhadanSAEinclusionratingof
4vd- ~0728vd_ ~. Themicrostructureobtainedfromthetwoheat
treatmentsusedareshowninfigures24 and25andthecorresponding
tensilestrengthsandharnessesaresummarizedinthefollowingtable:

Heat UltimateO.1-percentElongationR;y::: Rockwell
treatment st;;~ @l:p;y@h (percent) (percent)‘bess

wenchedand 167,790 153,662 17.6 55.2 c-38
temperedl-

wenchedand 103,482 83,120 27.5 62.2 B-98
spheroitized2

12h at845°C - oil-quenched;16hr at575°C - oil-quenched.
% hr at845°C - oil-quenched;16hr at6000C - oil-quenched.

Thetensiledatagivenaretheaveragesofthreetests,whilethe
hardnessvaluesareaveragesof125measurements.

Etiensivehardnesstestsweremadeto determinethedegreeofuni-
formityoftheheattreatmentofSAE434-O..Thequenchingofthespeci-
mensofthissteelwasdoneinbatchesanditwasfearedthatthis
proceduremighthaveproducedsomevariationinhardnesseitheracross
thesectionofa givens~cimenorfromspecimentospecimen.There-
fore,25 specimensweretakenatrandomfromeachofthetwogrOSSlots
ofheat-treatedfatigue-testbarblanks,sectionedata distanceof
1/2to 1 inchfromtheend,andtestedforhardness.Themeasurements
weremadeatpointsadjacentto eachofthefoursidesofthecross
sectionandatthecenter.Itwasfoundthattherewasno consistent
differenceinhardnessatthevariouspointsonthecrosssectionin
eitherlotof specimens.Thefactthatthecenterharnesseswere
equivalentto surfaceharnessesindicateduniformquenchingthroughout.
ThemaximumdifferenceinRockwellhardnessina givensycimenwas
c-2.4forthequenchedandtemperedspecimenandB-1.9intheother,
whiletheaveragewas,C-1.5andB-1.12respectively.Thesevalues
establishtheuniformityinhardnesswithinindividualspecimens.As
totheuniformityfromspecimento specimenitwasfoundthatthe
unbiasedstandarddeviationfromthemeanRockwellhardnessofthe
25 specimenswasC-1.Ointhecaseofthequenchedandtempered

——- — ——— .—. .—-— .. —-
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specimensandB-o.80inthecaseofthequenchedandspheroidized
specimens. Fromthesedata,itwasconcludedthattheheat-treatment
proceduretidnotimposea variationinthe~chanicalpro~ertiesof
thespecimens.

Testprocedme.-ThefatiguetestswereconductedineightGeneral
ElectricCompanypneumaticvibrating-cantilevermachines.Thistypeof
fatiguetestmachinewasdesignedbyQuinlanandhasbeendescribed
inhispublications(references30and31)aswellastheA.S.T.M.
“ManualonFatigueTesting”(reference32). The.machinepneumatically
actuatesa cantileverspecimenat itsnaturalfrequencyofvibration.
Air jetsaredirectedatpistonsmountedonthefreeendofthespecimen
andthelengthofthepneumaticcolumnisadjustedsothatitsresonant
frequencycoincideswiththatofthespecimen.Theamplitudeofvibra-
tionofthespecimeniscontrolledby theamountof airpressureand
flowandismeasuredtisuallybymeansof a graduatedeyepieceina
smalltelescopemountedonthesideofthemachine.Thefrequencyof
vibration,whichdependsuponthephysicalconstantsanddimensions
ofthespecimen,isdetectedby a coil-magnetarrangementin conjunction
witha frequencymeterandisrecordedona slipchart.Thismachine
andsomeof itscontrolequipmentisshowninfigure26.

Fatiguefailureintheusualrotating-beammachineisdefinedby
completefractureofthespecimenand,aspointedoutina previous
section,thiscriterionisinaccuratesinceitincludesnotonlythe
nwiberof cyclesto hitiatefailurebutalsothoserequiredtoprop-
agatethecrack.TheQuinlanpneumaticmachine,ontheotherhand,is
capableof givinga truemeasurementoffatiguefailure,thatis,the
nuniberof cyclesto incipientfailure.A sampletestedinthepneumatic
cantilevermachinevibratesat itsnaturalfrequencyandmaintainsthis
constantvalueduringthetestuntilthelaststagewhena mintiecrack
forms. At thisstageofthetest(pointA infig.27),thefrequency
ofvibrationdeclinesbecauseoftheimitationofa crackandfinally
thespecimenceasestovibratewhenthecrackbecomesquitelarge
(pointB). Thefatiguemachinesandtheircontrolshavebeendesigned
andadjustedsothatthetestisautomaticallyshutoffwhenthefre-
quencyofvibrationdecreasesbelowtheinitialvalue,thusindicating
theoccurrenceoft- failure.

Thecontrolmechanismissuchthatwhenthepointerwhichindi-
catesthefrequencyofvibrationdropsbelowthenaturalvaluecontact
ismadewitha positionedterminal, whereuponanelectronicrelayand
a magneticswitchturnoffthepowerinthesystem,thusstoppingthe
timerecorderandshuttingofftheairsupplyby deenergizinga solenoid
valveintheairline.Thenumberofcyclesto incipientfailureis
obtainedby multiplyingthefrequencyofvibrationby thetimeoftest.
As willbe shown,thestressina giventestisreadilydeterminedfrom
measurementsofthefrequencyandamplitudeofvibration. .

- ——— ——— ..—. -. —. ___
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Testswereconducted
covertheentirefracture

ata numberofstress
andenduranceranges.

levelsselected
At eachstress

35

to
level,

approximately20specimensweretestedashadbeendoneinthework
reportedinpart‘1.”

.
Ironically,oneofthemoreseriousexperimentaldifficulties

encounteredinthisphaseoftheworkwasdueto fatigueitself.Nor-
mallythefati&uecracksformatthefilletofthevibrating-cantilever
Specimens(’seefig.23). ~ti~y, however,a n~er ofthesp~c~e~,
particularlyinthelowerstresstests,brokebelowthefilletinthe
clampedportionofthespecimen.Thesepeculiarfailuresweredueto
fret-corrosionfatigueandwerenotincludedinthedatareported.
Thisdifficultywaseliminatedby shot-peeningtheportionsofthe
spectienswhichwereclampedintheholderonthemachine.

Calculationof stress.-Therearea nunberofmethodsbywhichthe
stressinthecantileverfatiguespecimenscanbe evaluatedandit
becomesa questionof adoptingthatprocedurewhichismostconvenient
andaccurate.Onepossiblemethodistheuseofdynamicstraingages
to obtainstrainmeasurementsatvariousamplitudesofthetibrating
cantileverbem Itisfoundthatstrainvarieslinearlywiththe
amplitudeoftibrationandifthkmodulusofelasticityistiown,the
stresscanreadilybe calculatedby theformula:

s=kAE

where

s stress,psi

k constantdeterminedfromplotof slopeofstrati
againstamplitude

A amplitude, inches

E nmdulusofelasticity,psi

Thismethodcanbeusedbutithasthedisadvantageofnecessitating
a separatedeterminationofthemodulusof

Thisdifficultycanbe avoidedby the
relationship:

E

elasticity.

introductionofa second

-— ..——. ———. —..————
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where

f naturalfrequencyofflexuralvibration,cycles
persecond

c constantdependingupondimensionsof specimen

E modulusofelasticity,psi

P densityofmaterial,poundspercubicinch

Ifthisequationisconibinedwiththepreviousone,thefollowingfor-
mulaisobtained

s=KAf2

where K isa newconstantrelatedtothepreviousones.Thisequa-
tionismoreconvenientsinceiteliminatestheneedforYoung’s
modulusandinvolvesthefrequencyofvibrationwhichiseasilymeas-
uredduringthefatiguetest.Theproblemofdeterminingtheconstant
inthiscase,however,ismorecomplex.Theco~t~t K iSrelated
tothemassanddimensionsofthespecimen,themassandlocationof
theattachedpistons,andthedeflectioncurveforthespecimen-piston
assembly.A completeanalyticalexpressionforthestressequation
hasbeenderivedanda numericalsolutionmadefortheconditionswhich
existinthetestsmadeinthisinvestigation.Themathematicaltreat-
mentby whichtheconvenientstressequationwasobtainedwillnowbe
given.

Derivation:Thederivationisbasedontheformula:

where

s stress,psi

M totalbendingmoment,inch-pounds

z sectionmodulus,inches~

Thenatureofharmonicmotionisconsideredto obtainanexpressionfor
theforcesactingonthespecimen.Thetotalbendingmomentisdeter-
minedby integrationoftheeffectoftheseforcesoverthelengthof
thespecimen,witha factoraddedto includetheeffectproducedby

.
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.,
themassofthepiston.Finally,anexpressionforthestressis
obtainedby dividingthetotalbendingmonentby thepropersection
modulus.As mentionedabove,thisgeneralexpressionforthemaximum
bendingstressisderivedintheconvenientformof:

s = KAm’fp

where

s stress,psi

K determinableconstant

~, maximumamplitudeofvibrationatfreeendoffatigue
specimen,inches

f naturalfrequencyofvibration,cyclespersecond

Thedeterminationofthebendingnmmentwillbe consideredfirst.

(1)Eendingmoment.Inharmonicmotion,thedisplacementofa
pointvariesinthefollowhgmanner:

X=Amsinti

where

x displacement,inches

Am maximumamplitudeat anypointalongspecimen,inches

a angularfrequency,cyclespersecond(2mf)

t time, seconds

Thus,theaccelerationof
displacementwithrespect

or

a pointwhichis thesecondderivativeof its
to timeisgivenby:

2 =.-cIF&Sinmt

1X1=~Am
where ~ isacceleration.

.. . . ..— ———. —.———. -——
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inthiscase:

where

F force,pounds

m mass,slugs

and,therefore,thebendingmomentis:

M = Z&Am

where

M bendingmoment,inch-pounds

1 momentarmofforce,thatis,distancefromvibrating .,
pointtofixedend,inches

Thusfar,onlyonepointonthespecimenhasbeenconsideredto illus-
tratethefactorsuponwhichthebebdingmomentdepends.

Thetotalbendingmomentmustbe obtainedby integrati~overall
pointsalongthelengthofthespecimen.Themaxhumdisplacementor
amplitudeateachpointalongthelengthofthespecimendependsupon
itsdistancetothefixedend. Thisdependencecanbe statedmathe-
maticallyby thefollowingseries:

[(3+‘(Y+‘(:Y‘“(i)gAm = Am’S

where

Am maximumamplitudeatpointalongspecimen,inches

Am’ maximumamplitudeatfreeendofspecimen,inches

s,r,t,u constantswhichcan

1 distancefrompoint

L lengthof specimen,
end,inches

be determinedfromdeflectioncurve

alongspecimentofixedend,inches

thatis,fromfreeendto fixed

.

-—. -——
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Thedifferentialequationforthebendingmomentis

dM = Zddllm

and

dll~ (=Am’:
Insertingtheexpressionfor

+ 2rz+ Stlz )+ 4u23 ~2—— —
~2 L3 L4

d& intheequationfor dM yields

which,uponintegrating,becomss

Butthemassofthespecimenis

w pv _ pLdhm=—=—–—
gg g

where

Ill massof specimen,slugs

w weightof specimen,pounds

P densityofmaterial,poundspercubicinch

v volm of specimen,cubicinches

g accelerationdueto gravity,

L lengthof specimen,inches

d widthof specimen,inches

h thicknessof specimen,inches

inchespersecondpersecond

*: ... ____ —.. —.—- —.
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Substitutingtheproperexpressionforthemassofthespecimeninthe
bending-momentequationyields

Thisequationgivesthecontributiontothebendingmonmntmadeby the
specimenitself.

Thebendingmomentproducedby themassofthepistonattachedto
theendofthefatigues~cimenmustnowbe considered.Thisportion
ofthebendingmomentissimplyasfollows:

M=~u2xyAm’xpL

where

w’ weightofpiston,pounds

(D angularfrequencyofvibration,cyclespersecond

yAm’ amplitudeofvibrationat centerofmassofpiston,inches

yL distancefromcenterofmassofpistontofixedend,
inches

Thefractionsy and p arebotheasilymeasured.

Combiningthetwocontributionsto thebendingmoment:

(2)Sectionmodulus.Thesectionmodulusissimply

z=:

where

z sectionmodulus,inches3

I momentof inertia,inchesk

c distancefromoutermostfibertoneutralaxis,inches

.

.

————.. —.-



NACATN 2719

Forthepresentcase

41

where

d widthofspecimen,inches
/

h thiclmessof specimen,inches

and

hc.—
2

Thus,

(3)Stress.Havingobtainedexpressionsforthetotalbending
momentandthesectionmodulus,thestressmaynowbe calculatedby
dividing

Thisisa
stressin
evaluated

x M
s=—

z

{ H ) 1]

24%LpL~+~+3t 4U +W’ypS = f2Am’—
% 2 3 T+F m

completeanalyticalexpressionforthecalculationofthe
a vibrating-cantileverspectien.Thevariousconstantsare
fromthedeflectioncurveandthephysicaldimensionsofthe

testbarto yielda generalequationintheconvenientform

s = @A/

Withthisequation,thestressmaybe readilycalculatedby inserting
themeasuredvaluesof frequencyandamplitudefora givenspecimen
designandmaterial.

— .— .—— —— —.— ——
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(4)Deflectioncurve.As indicatedabove,lmowledgeofthedeflec-
tioncurveisnecessaryinordertoevaluatetheconstantsinthestress
equation.Thiscurveismerelythedisplacemmtofpointsalongthe
specimenfromtheirnormalnonvibratingpositionsas a functionofthe
distancefromthefixedend. Sucha curvemayreadilybe obtainedby
directmeasurementsoftheamplitudesofvibrationatvariouspoints
alongthelengthofthespecimen.Indeterminingthedeflectioncurves,
carewastakenthatalldeflectionswerewithintheelasticrangeof
thematerial.Fromsuchmeasurements,thefollowingdatawereobtained
forannealedArmcoiron:

/
Am Am’ z/L

1 1
.900 .909
.633 .721
.433 .555
.233 .333

hsertingthesevaluesintheequation:

foursimultaneousequationsareobtainedwhichcanbe solvedbythe
tstoyieldthevaluesofthefourconstants.mthod of determinant

Thesevaluesare:

s = 1.000

r = -2.142

t = 4.428

u = -2.190

(5)ConstantIL Havingdeterminedthedeflectioncomtants
(s, r, t, and u),itisnowpossibleto calculatetheover-all
constantK.

. 1 .

-—-.
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Thevariousquantitiesinvolvedareasfollows:

L =:4.,>02in. r = -2.142...
h = 00300in. t = 4.428

d = 0.500in. u = -2.190

p = 0.284lb/cuin. w’ = 0.314lb

g = 386in./~ec2 y = O.goo

s = 1.000 p = 0.909

Insertingthesevaluesinthestressequationgivenpreviously,the
followingresultisobtained:

s = 23.298AmVf2

Stressvaluesdeterminedby thestrain-gagemthod agreedwiththe
equationtowithin2 percent.

Itshouldbe realizedthatthevaluefortheconstantK inthe
aboveequationappliesonlyto annealedArmccironwhichwasusedto
obtainthedeflectioncurve.Foreachnewtypeofmaterialitwas
necessarytorepeatthedeflection-curvemeasuremmts,determinethe
setofdeflectionconstants,andcalculatethepropervalueof K.
Itwasfoundthatthesamedeflectioncurvewasobtainedforthe
SAE4340steelinthetwoheat-treatedconditions.Thestressequation
fortheSAE4340material%isasfollows:

S = 30.694Am’f2

Estimateoferror:Thecalculationofstressdependsupona number
of quantitiessuchas amplitude,frequency,specimenitbnensions,andso
forth.Sincethesequantitiesaremeasuredandthereforesubjectto an
uncertainty,a correspondingerrorcanbe introducedinthecalculated
stress.Thepossibleextentofthiserrorcaneasilybe calculated.

Firstconsiderthe
frequencymeasurement:

errorinstressduetotheuncertaintyinthe

-—.— —— —— -— —— .— —.
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or

Percentageerror *M=:1OO=—X
af

~ x 100

Since S = KAm’f2,

&~ . 2K&*f

Thus,

(mm’f ) d?
Percentageerror=

~mlf2 x

Theuncertaintyinfrequencydf is1 cycle
frequencyitselfisapproximately200cycles

Therefore,

Percentageerror= 2(1)—Xloo=
200

()100=2: 100

persecondandinthe
persecond.

1.0percent

Similarly,theerrorinstressduetotheuncertaintyinother
measurementsandvariationswithinmachiningtolerancescanbe calcu-
lated.Theresultsforthevibratingfatiguetestareasfollows:

The

Measuredquantity

Frequency
Amplitude
SpecWn length
Specimenwidth
Specimenthickness

Totalpossibleerror

Percentage
errorin
stress

1.00
.50
.05
.11
.42

2.08

effectofexperimentalerrorwillbe consideredsubsequently.
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ExperimentalResultsandAnalysis

Thefatigue.dataforannealedArmcoironandtheSAE434-Osteel
heat-treatedto“tw”odifferentstructureswereanalyzedby thesame
statisticalmethodsoutlinedinpartI.

ThestatisticsofthefracturecurveandendurancelimitforArmco
ironaregiveninthetwofollowingtablesandplottedinfigures~
and~. Itwillbe notedthatthereisconsiderabledispersioninthe
resultsandthattheman S-Ncurvehasa sigmoidform.’

i 1 I 1 1

Meanof Standard Relative
Stress logsof Meanlife,ii Unbiased estimate standard
(psi)lifevalues, (cycles) standard oferrorYdeviation,T

logN deviation,o .
slogN (percent)

41,750 5.769E 5.8765x 105 0.1649 0.0368 2.85
38,no 6.27350 1.8772X 106 .1519 .0339 2.42
35,790 6.41049 2.5733 .25u .0576 3.92
32,800 6.85432 7.1502 .2634 .0639 3.84

Stress Failures

(psi) (percent)

(1)

32,800 90
29,820 50
26,840 10

%leanendurancelimit,~,820psi;
a endurancelimit,2328psi..

Thestatisticsofthefatiguepropertiesof quenchedandspheroid-
izedSAE4340arepresentedinthenexttwotablesandplottedin
figure30.

..- —.—— . — — —
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Meanof ““ Standard
Stress logsof Meanlife,m Unbiased estimate
(psi)~fe v~ues, (cycles) standard oferror,

logN deviation,fJ ‘logN

81,430 5.09283 1.238x lo~ 0.1235 0.0269
74,650 5●51555 3.277 .2353 .0526
70,570 5.57179 3.730‘ .1922
65,150

.0430
5.68845 4.880 .2941

62,430 6.03732
.0735

1.089x 106 .3534 .1180

Relative
standard

deviation,V
(percent)

2.42
4.26
3.45
5.17
5.85

L

Stress Failures
(psi) (percent)

(1)

65,150 80
62,430 50
59,720 10

%ean endurancelimit,62,43opsi;
u endurancelimit,249opsi.

Similarly,theresultsforquenchedandtemperedSAE4340are
givenbelowandinfigure31.

FStress(psi)

111,270
104,490
100,420
97,700

Meanof
logsof Mesalifej~

lifevalues, (cycles)
logIv

5.11527 1.3040x 105
5.39605 2.4892
5.42988 2.6908
5.60586 4.0352

Unbiased
standard

deviation,u

0.1704
.2630
.2208
.26a8

Standard
estimate
oferror,

‘logN

0.0381
.0588
.0637
.0808

I I

Stress Failures

(psi) (percent)
(1)

100,420 60
97,700 52.4
94,990 30

1Meanendurancelimit,97,6oopsi;
IJendurancelimit,7070psi.

Relative
standard

deviation,V
(percent)

3.33
4.87
4.06
4.79

.

—.——
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“Statisticsoffatigue-fracturecurve.-Oneofthepurposesofthis
investigationisto determinetheinfluenceofmetallwgicalfactors
onthestatisticalvariationinthefatiguelife.Thiscanbe accom-
plishedby comparingthefracture-curvestatisticsforthevarious
materialswithdifferentcompositions,heattreatments,microstructure,
andinclusionratings.However,suchcomparisonsrequirea choiceas
tothebasisonwhichtheywillbe made. Obviously,theanalysisof
variabilitymustbeperformedunderequivalentconditions.Theendur-
ancelimitsofthevariousmaterialsaredifferentand,moreover,there
isa possibilitythatthedispersioninfatiguelifefora givenmaterial
dependsuponthe-stresslevel.Thus,thelatterpossibilitymustbe
examinedin somedetailbeforethebasisofanalysiscanbe chosenand
thecomparisonsmade.

Thisproblemofthedependenceof dispersioninthefracturerange
on stresslevelwasconsideredbrieflyinpartI ofthisinvestigation,
buta morecompleteanalysisisneeded,particularlyto includeaddi-
tionalresultsforothermaterialsandmethodsoftest. InpartI,
theHartleymethodwasused,butheretheF testwillbe appliedsince
it issimplertouseandismoreinformativeforthepresentpurpose.
TheF test(reference16)isa meansofcomparingthespreadsorvari-
abilitiesoftwosetsofmeasurements(inthiscase,thevariability
infatiguelifeathighstresswiththatatlowstressfora given
material)to determinewhetherthesevariabilitiesdiffersignificantly
at somechosenlevelofconfidence.Theprocedureisasfollows:

(1)Calculatea,theunbiasedstandarddeviation,forthefatigue
lifeateachstresslevelinthefracturerange.

(2)Squareeachofthe a valuesto getthevariance.

(3)DividerY2forthefatiguelifeatonestresslevelby &
foranotherlevel(placingthelargervalueinthenumerator)to obtain
thevarianceratio.

(4)ComparethisresultwiththepropervalueintheF testtables
forthedegreesoffreedominvolvedandthechosenlevelof confidence.
Thedegreesoffreedomareonelessthanthenumberof specimensused.
Thelevelof confidencechoseninthisworkwasthe5-percentlevel
sothatthereare19 chancesoutof20thattheconclusiondrawnis
correct.

(5)Ifthecalculatedvmianceratiois
giveninthetable,itcanbe concludedthat
lifevariabilityatthetwostresslevelsis
level.

greaterthanthevalue
thedifferenceinfatigue-
significantatthe5-percent

—. .—. —_________
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Thisprocedurewasappliedto allavailablefatiguedatainthefracture
rangeinwhicha sufficientnumberof speciEnswasusedtopermitsta-
tisticalanalysis.Theresultsofthisanalys$saresununarizedinthe
followingtable.(TheabbreviationsQ&SandQ&Tindicatequenchedand
spheroidizedSpe-cimensandquenchedandtemperedspecimens,respectimly.)

Material

hmco iron
SAE4340(Q&S’)
SAE 4340(Q&c)
SAE 1050
SAE 4340(Q&T)
TX-T
SAE 1045
SAE 4340
Armcoiron
Copper
Aluminum

Source

Presentinvestigation
----------do---------
----------do---------
----------do---------

Reference8
Reference4

----------do---------
do-------------------

Reference6
----------do---------
----------do---------

Typeoftest

Flexure
-----do----
-----do----
R. R.Moore
-----do----

do----- ----
-----do----
-----do----
Torsion

do----- ----
do----- ----

ResultofF test
at5-percent

level

significant
Do.
m.
Do.
Do.
Do.
Do.
Do.

Notsignificant
Do.
Do.

TheanalysisdisclosesthefactthatinR. R.Mooreandvibrating-
cantileverfatigueteststhevariabilityinfatiguelifedoesdepend-
uponthestresslevelinthefracturerangewithgreaterdispersion
occurringatthelowerstress.Intorsionalfatiguetests,however,
thedispersioninfatiguelifeisindependentofthestresslevel.A
theoreticalinterpretationofthisinterestingandimportantbehavior
willbe presentedinthe“Discussion”section.

It isevidentfromthebehaviorshownabovethatcomparisonof
fatigue-lifevariabilitiesfortwomaterials(testedinrotationor
flexure)mustbe madeat equivalentstresslevels.Differencesin
endurancelimitsbetweenmaterialscanbe eliminatedby calculating
fracturestresslevelsasa percentageofthemeanendurancelimits
andcomparisonsofvariabilitycanbe madeateachofthevariousper-
centagestresslevels.Itwasonthisbasisthattheinfluenceof
metallurgicalfactorsonthedispersioninfatiguelifewasanalyzed.

infigure32 isshowna s~ plotofthestatisticsofthe
fracturecurvesformostoftheavailableresultsofR.R.Mooreand
vibrating-cantilevertests.It isnotpossibleto drawconclusions
fromthesedatawitha highdegreeofconfidencewithout
mathematicaltests(suchastheF test),butpreliminary
nationindicatesa fewpointsof interest,forexample:

applying
visualexami-

———. ——
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(1)TheSAE1050valuesseemtofallontwo
thespecimensarederivedfromtwopopulations.

49

curvessuggestingthat
This,however,isnot

true.TheHartleytestwasappliedtothesedatainpartI anditwas
foundthatthevaluesarehomogeneousandthereforederivedfromone
parentpopulation.

(2)Thereisa trend(provenaboveby rigorousm?thods) toward
higherdispersioninfatiguelifewithdecreaseinstresstowardthe
endurancelimit.Thistrendexistsinthedataobtainedfromboththe
R.R.Mooremachinesandthepneumaticvibrating-cantilevermachines
whichhavedifferentcriteriaforfailure(completefractureandcrack
initiation,respectively).

(3)Thedispersioninfatiguelifedoesnotdependuponcomposi-
tionalone.ValuesforSAE4340lietowardthetopoftheplotwhile
thoseforanotherlotofSAE4340(datafromreference8) lieatthe
lowerportionofthefigure.Factorsotherthancompositionmustplay
an importantroleinthisbehavior.

TheF testwasappliedto determinewhetherthedifferencesin
varianceforthevariousmaterialsweresignificantatthe5-percent
levelof confidence.Comparisonwasmadeatequivalentstresslevels
(i.e.,atequalpercentagesofthemeanendurancelimit).Theresults
oftheanalysisaresummarizedasfollows:

ResultofF test
Materialscompared at5-percent

(1) level

Armcoiron(reference6) - Copper(reference6) Significant
tico iron(reference6) - Aluminum(reference6) Do.
Aluminum(reference6) - Copper(reference6) Notsignificant
SAE434o(Q&) -SAE 4340(~) Do.
SAE4340(Q&3)- SAE434o(reference8) significant
SAE4340(Q8S)- SAE1050 Notsignificant
SAE4340(reference4)- SAE4340(Q&S) Do.
SAE43~ (reference4)- SAE4340(reference8) significant
SAE4340(Q&T)- SAE4340(reference8) Do.
SAE4340(Q&C)- SAE1050 Notsignificant
SAE4340(Q&T)-Armcoiron Do.
Armcoiron- SAE4340(Q&S) Do.
Armcoiron- SAE434-0(reference8) significant
Armcoiron- SAE1050 Notsignificant

%ateriallistedfirsthadlargernumericalvariance.

... . . —— _ ——. —
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.

1((

As anaidintheinterpretationoftheseresults,theavailablemetal-
.

lurgicaldataforthematerialsaresummarizedinthefollowingtable:

Material Heat Rockwell‘emile SAEinclusion
treatmentMicrostructure~tie~~strengbh

(psi) rating

Armcoiron Annealed Ferrite E-53 42,2002vd- l.l~d-D

Sm 1050 NormalizedandFerritewith B-81 91,4003a- 1.4300d- c
tempered partially

tempered
pearllte

SAE4340 Quenchedand Ferriteand
(Oneheat)

B@ 103,4824vd- 1.7titi-B
spheroidizedftie

spheroidite

Quenchedand Ferriteand c-3a 167,7904vd- -JO728vd_ B
tempered tempered

martensite

SAE4340 Quenchedand Ferriteand c-25 m,ooo O- O-A
Reference8) tempered tempered

martesite

SAE4340 Quenchedand Ferriteand c-35 163,700~OWIl,but
Reference4) tempered tempered probablyhigher

martenaite thanO-O-A

. .. . . .

Theconclusionswhichcanbe drawnfromtheresultsgiveninthese
tablesandtheirinterpretationtillbe consideredinthe‘Discussion”
section.

Statisticsofendurancelimit.- Theonlydataavailableonthe
statisticalvariationh theendurancelimitarethosefromRansom’s
work(reference8) andthepresentinvestigation.Theseresultsare
giveninthefollowingtable:

.

.

.
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Meanendurance Standard Relative
Material”.” limit, s deviation,0 standard

(psi) (psi) deviation,V
(percent)

%lE 1050 40,800 1028 2.52
Armcoirons 29,82o 2328 7.80
SAE4340(Q(%)a 62,43o 2490 4.00
SAH434o(Q&T)a 97,600 7070 7.32
SAE4340(Ransom)
HighRATheat:
LOngitudinalb 61,DO 1980 3.20
Transverseb 52,400 1%0 3.02
Transversec 52,480 1540 2.94
Transmrsed 51,600 4720 9.15

LowRATheat:
IOngitudinalb g,;$ 1700 2.50
Transverseb 2goo 6.25
Transversec 46~280 3140 “ 6.80
Transversed 46,820 5300 11,.3

aResultsofpresentinvestigationbasedonprobitmethod.
%esultsobt~d by “staircasemethod”asexplainedby

Ransom(reference8).
cResultsobtainedfromprobitanalysisofdataforsame

specimensusedinstatrcasemethod.
‘Resultsobtainedfromprobitanalysisof approximatelytwice

asmamyspecimensasusedinstaircasemethod(includingthoseused
inlattertreatment).

Analysisofa givenlimitedsetof databy the“staircase”and
probitmethodsyieldessentiallythesameresults,as canbe seenin
thetransversetestsreportedby Ransom.However,whenthenumiberof
testswasroughlydoubled,theprobitmethodgavemuchlargerestimates
ofthevariability(seethetransversevalues).Thissituationmakes
itsomewhatdifficultto compareRansom’sresultswiththoseobtained
inthepresentwork. Thelatterisconcernedonlywiththelongitudinal
directionandresultswereanalyzedby theprobitmethod;Ransom,on
theotherhand,didnotgetvaluesforthelongitudinaldirectionby
theprobitmethod,whichmakescomparisonratheruncerta&.Thus,for
themostpart,thecomparisonsinendurance-limitstatisticswillhave
tobe restrictedtotheindividualinvestigations.

—.. . .-. ——c —— —
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Testsof significancemustbe appliedtothesedatato facilitate
thedeterminationoftheimfluenceofmetallurgicalfactorsonthe
variabilityinendurancelimit.UsuallytheF testisappliedtotest
for’ssignificantdifferenceinvariance.Inthepresentcase,however,
theF testisnotuseful,particularlybecausethepropernumberof
degreesoffreedomishighlyuncertain.Forexample,supposethat
100specimensweretestedateachoffourstresslevelsintheendurance
range.Thepercentageoffailuresateachlevelwouldbe notedand
analysisoftheresponseby theprobitmethodwould@eld themean
endurancelhit anditsstandarddeviation.InusingtheF testto
comparethisstandarddeviationwiththatobtainedforanothermaterial
froma similarsetof experiments,a choicemustbe madeoftheproper
numberofdegreesoffreedom.Ordinarilythedegreesoffreedomused
intheF testisonelessthanthenuder of specimens,butinthe
presentcase400- 1 wouldbe toolargebecausethevalueof u depends
upontheresponseof fourgroups.Ontheotherhand,takingoneless
thanthenumberof stresslevelsused(4- 1)wouldbe toosmall,since
thisvaluedoesnottakeintoaccountthelargenumberof specimens
usedateachstresslevel.BecauseofthisdifficultytheF testcannot
be appliedinthepresentcase.

Theformaltreatmentoftheprobitmethoddoesnotincludea method
oftestingforthesignificanceof differencesinvariabilityofresponse;
itdoes,however,givethevarianceoftheslopeoftheprobitline. (It
shouldbe recalledthatthereciprocalofthisslopeisthestandard
deviationintheendurancelimit.)Thus,a testof significancecanbe
appliedtotheslopesoftheprobitlinesand,ifthesediffersignifi-
cantly,thenitcanbe saidthatthestandarddeviations(reciprocalsof
theslopes)alsodiffersignificantly.

Themethodusedforthispurposewasthet test,assumingnormall
distributionandlargesamples(reference16). Thissolutionwillbe
illustratedbythefollowingexample:

TheslopeoftheprobitstraightlineanditsvarianceforArmco
ironare4.28x 10-4and3.21x 10-10,respectively.Thecorresponding
valuesforSAE434-0(quenchedandtempered)are1.41x 10-4and
14.83X 10-1O.Theexpressionfor t isgivenby:

where

b

Vb

“s2

slope

varianceof b .

-—————- -—.——-— .
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substituting

Thevalueof

thevaluesforthetwomaterialsyields:

t=
4.28X 10-4- 1.41x 10-4

3.2Lx10-10+ 14.83X 10-10

= 6.7

t forthe95-percentlevelof confidencefor2 degees
offreedom(i.e.,3 + 3 - 2 ~ 2 = 2) iS4430-mu, since6.7is
greaterthan4.30,itcanbe concludedwith95-percentconfidencethat
thedifferenceinvariabilityoftheendwancelimitsissignificant.

Similarcalculationsweremadefortheothermaterials,theresults
OfwhichareS~ izedasfollows:

Resultsoft test
Materialscompared at5-percent

(1) level

Armcoiron- SAE1050 Significant
SAE4340(Q&S)-Armcoiron Notsignificant
SAE4340(Q&S)- SAElo~o Significant
SAE4340(Q&I!)- Armcoiron Do.
SAE4340(Q&Il?)- SAE4340(C&S) Do.
SAE4340(Q&T)- SAE4340(highmm) Do.
SAE 4340(Q&r)- SAE4340(lOWRAT) Do.
SAE4340(Q&T)- SAE 1050 Do.
SAE 4340(highIllfC)- SAE 4340(lowRAT) Notsignificant

%aterialswithlargerstandarddeviat~ioninendurance
limitarelistedfirst.Dataforhighand10wRATSAE4340
takenfromreference8.

Theseresultswillbe consideredinthe“Discussion”section.

S-Ndiagram.- Themeanfatiguepropertiesofthevariousmaterials
testedinthisinvestigation,aswellasRansom’sresults,havebeen
plottedincompleteS-Ndiagramsby themethodproposedinpartI. It
isseeninfigures33to 36thatthemethodisnotsosuccessfulas -
whenappliedtoWallgrentsdata(fig.18). Straightlinesareobtained
intheseplots,buttheselinesdonotpassthroughthetensile-strength
pointat1/4cycle.Thismatterwillbe discussedina latersection.

—.——. — --
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Understressingstudy.- As anextensionoftheinvestigationofthe
statisticalbehaviorofthefatigueofmetals,a startwasmadeonthe
studyoftheso-calledunderstressingeffect.Thisstudywasundertaken
becauseitdidnotrequiretheuseof anyadditionalspecimensandpro-
videdtheopportunityto obtainadditionalinformationonthestatistical
natureoffatiguepropertieswithonlyrelativelylittleextraeffort.

Thosespecimenswhichdidnotfailinfatiguetestatstressesin
theendurancerangewere,uponsuccessfulcompletionofthespecified
numberof cycleswithoutfailure(2.5X 107cycles),retestedata
stressinthefracturerangeforwhichthelifeofthevirginmaterial
wasbow-n.InthecaseofthelnTololmofSAEk34-Ojtheretestathigh
stresswasperformedimmediatelyaftertheendurancerunwithoutremoval.
ofthespecimenfromthemachine.Theideaofconductingsuchtests
wasconceivedlongafterthefatigue
completedsothatinthiscasethere
4monthsbetweenthetimea specimen
thetimeitwasretestedat a stress
Armcospecimensweresubjectedto an
temperaturefor4 nmnths.

testingofArmcoironhadbeen
wasan intervalofapproximately
hadrunoutinendurancetestand
whichproducedfailure.Thus,the
intermediaterestperiodatroom

Thenumberof suchtestsconductedwasrestrictedtothenumberof
specimenswhichdidnotfailintheendurancetests,butthisincluded
inmostcasesa sufficientnumberto indicatethetrends.

In conductingthesetests,a recordwaskeptofthestresslevel
atwhichthespecimenhadbeentestedintheendurancerangeandthe
subsequentfatiguelivesatthehigherstressweregroupedonthis
basis.Thefollowingexperimentalresultswereobtained:

ForannealedArmcoiron(meanendurancelimit,29,820psi):

Condition

Virginmaterial
Understressedat 32,800psi
Understressedat29,820psi
Understressedat26,8hpsi

Meanfatigue
life,fi,

at 41,750psi
(cycles)

5.876x 10
9.700
8.493
8.481

Unbiased
standard

deviation,u

0.1649
.1207
.2830
.2420

Number
of

specimens

.



8N NACATN 2719 55

ForquenchedandspheroidizedSAE434-0(meanendurancelimit.
62,430pSi):

,

Condltion

Virginmaterial
Understressedat 65,15opsi
Understressedat 62,43opsi
Understressedat 69,72opsi

Meanfatigue
life,~, Unbiased Nuuiber

at 74,65opsi de~:::d of

(cycles) J a specimens

3.277X ld
8.310
3.8L2
3.272

0.2353 20
.3(%7 4
.1809 10
●2667 18

ForquenchedandtemperedSAE4340(meanendur~celimit,
97,6oopsi):

IMeanfatigue

Condition life,ii,
at w,270 psi

(cycles)

Virginmaterial
Understressedat 100,@Opsi
Understressedat97,700psi
Understressedat94,990psi

1.3040Xld
2.7370
2.5177
2.1560

Unbiased Nuniber
standard of

deviation,o specimens

0.1704 20
.2780 8
● 2211 7
.2318 14

Thesedatashowthat,inmostcases,understressedspecimenshavelonger
fatiguelifethantirgin-specimensata givenstress-inthefracture–
range.

Theeffectcanbe establishedbyapplicationofthet test(refer-
ence33). Thistestisa methodof comparingtwomeansanddetermines
whetherthemeanofonesetofmeasurementsissignificantlydifferent
fromthemeanof anotherset. Theprocedureisto calculatea value
of t forthedataandcomparethisvaluewiththatobtainedfromthe
tableof t valuesforthepropernumberofdegreesoffreedomand
thechosenlevelofconfidence.Ifthecalculatedvalueexceedsthe
tabulatedvalueforthe5-percentlevel,itcanbe concludedwiththat
degreeof assurancethatthetwomeansaredifferentandthatthis
differencecouldnotbe dueto chancealone.

–.— — ..—— _____



Thet testinvolvesthefollowingrelationships:

‘y%)

‘1

F’ =

wherethereare nl observations
tionsof x’ intheotherset.

%2

of x inonesetand n’ observa-

y+ n’-’

t=
Z-zx ‘1%

u nl+ n2

Theresultsoft testanalysisoftheunderstressingdataaresummarized
inthefollowingtable:

Material
UnderstressResultof comparisonwithmean

(psi) -gin lifeat5-percentlevel

AnnealedArmcoiron 32,800 Notsignificant(significant
at 10-percentlevel)

29,320 Notsignificant(significant
at15-percentlevel)

26,8ti Significant

SAE4340(w) 65,150 significant
62,430 Notsignificant
59,7’0 Do.

SAE4340(Q&P) 100,420 Significant
97,700 Do.
94,990 Do.

— .——_
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It isseenfromtheprecedingtablesthatunderstressingmay
Increaaethesubsequentfatiguelifeat anelevatedstressrelativeto
thevirginlifeandthatinmanycasesthisincreaseissignificant
andnotdueto chancealone.An experimentaldifficultyarisesin
thisstudybecauseofthelimitednunberofrun-outspecimensavailable.
Itwouldbe desirabletohave20run-outspecimensfromeachofthe
threestresslevelsintheendurancerangeinorderto obtaina good
estimateofthebehaviorbymethodsof statisticalanalysis.This
requirement,however,wouldbe extremelydifficulttomeet.For
example,inorderto obtain20run-outspecimensofArmcoironunder-
stressedat32,800psi,itwouldbe necessarytotest200Specmensy
sinceonly10percentofthebarstestedatthisstressleveldonot
fail.

Thesignificanceofthese
pretationwillbe discussedat

understressingresultsandtheirinter-
lengthina latersection.

Discussion

Metalsinrealityarehighlyhperfect.Singlecrystalsofpure
metalscontainlineageandmosaicfaultsofgrowthaswellas disloca-
tionsandvacancies.Whilethefaultsof growthcansometimesbe
decreasedoreliminatedbysubsequenttreat~nt,suchasrecrystalli-
zation,a theoreticallyperfectcrystalisnotobtainablesincereal
metalscontainanequilibriumnumberofvacancies.Theadditionof an
alloyingelementin solidsolutionintroducesthepossibilityoffurther
imperfectionincompositionalsegregation.Inthe’caseof crystal
aggregates,grainboundariesareregionsofmisfit,thedegreeofwhich
dependsuponthemutualorientationsofthecrystals;in aggregates
whichcontaina secondphase,therearealsoimperfectionsinmicro-
structure.Theu9ualcommercialmaterialcontainsanyor allof these
plusinclusions,an additionalandserioustypeof imperfection.

Fora givenclassofmaterial,thetypesof imperfectionsand
theirrelativemagnitudescandifferwidelyand,further,theimportance
ofa giventypemaydifferamongthevariousclassesofmaterials.The
problembecomesoneofrecognizingtheimportanttypesof imperfections,
describingeachofthem&sto severityandfrequencydistribution,and
consideringtheeffectsofthissetof conditions.Theexistenceof
a universeof imperfectionsina metal.hasbeengenerallyaccepted,but
a demonstration(bothexperimentalandtheoretical)oftheconsequences
ofthisunivers,ehasbeenlacking.Thestatisticalnatureoffatigue
propertiesdramaticallydemonstratesthebehavior.

Imperfectionsplayan importantroleinthemechanismoffatigue
failure.Unlikestaticloading,inwhichstressconcentrationsare
reducedby plasticflow,thesuccessivefatiguecycleswork-hardenthe
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materialintheneighborhoodof imperfectionssothatultimatel.yfailure
mayoccur.Thus,owingto thepresence(h scarcity)of imperfections,
it iseasytovisualizea distributionin qualityof specimensderived
fromonesourcerangingfrompoor,throughaverage,to superiorfatigue
strength.Thisvariationinqualityisreflectedinthedispersionin
fatiguelifeandthestatisticalnatureoftheendurancelimit.The
lattercaseillustratesthebehaviorquitenicely.As theleveloftest
stressintheendurancerange isprogressivelydecreased,thatis,as
thequalityrequirementfornonfailureislowered,an increasingnunber
of specimensdonotfail.

Thedetailsofthisbehaviorhavenotbeenwell-understoodandit
wastowardthissubjectthatmuchofthisinvestigationwasdirected.
Itwillbe shownthat,onthebasisofthestatisticalnatureoffatigue
propertiesandthedistributionof imperfectionsinmetals,manynew
phenomenacanbe detectedandexplained.

Dependenceof statisticalvariationinfatiguelifeon stresslevel.-
Ithasbeenshownina previoussectionthatthestatisticalvariation
infatiguelifeinrotatingandvibratorytestsdependsuponthestress
levelwitha definiteincreaseindispersionwithdecreaseinstress
withinthefracturerange.Intorsionaltests,however,thedispersion
infatiguelifedoesnotdependuponthestresslevelto anysignificant
de~ee. Thesefactsarenewlyestablishedandareinneedoftheoretical
interpretation.

Considerthefrequencydistribtiionofeffectiveimperfectionsin
a metal.Thisdistributioncanbe assumedtohavetheformofthecurve
showninfigure37,witha largenumberofverysmallimperfectionsand
a decreaseinpopulationwithincreasein size.Theseimperfections
canbe anyofthoseoutlinedabove,butinclusionsareprobablyoneof
themoreseriousandimportanttypes.Ithasbeenobservedmetallo-
graphicallythatfatigue&acks insteelsmostfrequentlyinitiateat
an inclusionand,aswillbe sho~msubsequently,inclusionsareprobably
themostYmportantsinglefactorindeterminingtheextentofstatistical
behavior.Thus,inthepresentargument,theterms“imperfections”and
“inclusions”willbeusedinterchangeably.

Fora @ven stresslevelinthefatigue-fracturerange,thereis
a criticalminimumsize(orseverity)of inclusionwhichcanbe effec-
tiveinpromotingfatiguefailure(ofcourse,thoselargerthanthis
criticalminimumsizecanalsobe effective).Fora highstress,this
criticalsizeof inclusionisrelativelysmall,whileatlowerstress
thesizeoftheinclusionswhichcanbe effectiveislarger.Thus,as
seeninfigure37,thetotalnumberofeffectiveinclusionsavailable
athighstressisgreaterthaninthecaseoflowstress.
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In a rotatingorvibratoryfatiguespecimen,failureusually
initiatesinthesmallvolumeofmetalwhichissubjectedtomaximum
stress.Indeed,“theoccurrenceoffailureata pointslightlyremoved
fromthepointofmaximumstressisattributabletothepresenceofa
verylargeinclusionor inhomogeneity.Thus,fatiguefailureandits
statisticalvariationdependupontheprobabilityofoccurrenceof
effectiveinclusionsinthissmallregionofthetestspecimen,ator
nearmaximumstress.

At a highappliedstress,a largenumberofeffectiveinclusions
areavailableandtheprobabilityofoccurrenceofeffectiveinclusions
intheregionofmaximumstressishigh. Ontheotherhand,atlow
appliedstressthetotalnumberofeffectiveinclusionsislessandthe
probabilityofencounteringactiveinclusionsinthecriticalregionis
lower;inthiscasesomespecimenshaveseveraleffectiveinclusions
whileothershavefeworperhapsevennone.

Thisstateofaffairsgivesriseto differentdispersionsinfatigue
lifeatthetwostresslevels.As shownschematicallyinfigure38,
thereisa distributioninfatiguelifeforspecimenswithmanyinclu-
sionsandanotherdistributionwitha highermeanlifeforspecimens
withfewinclusions.At a highappliedstress,a distributionin
fatiguelifeisobtainedwhichisrelatedtothatformanyinclusions.
At a lowstress,however,thedistributioninfatiguelifeobtainedis
relatedtothatassociatedwithbothlargeandsmallquantitiesof
inclusions,asshowninfigure38,because“atthisstresslevelsome
specimenshavea nuniberofeffectiveinclusionswhileothershavefew
ornone.

Thefactthatthedispersioninfatiguelifeobtainedintorsion
testsisindependentofthestresslevelcanbe understoodby con-
sideringthenatureofthetest. Thetorsiontest,unliketherotating-
prvibrating-cantilevertest,producesa uniformstressalongtheentire
gagelengthofthespecimen.Thus,inthistestthereisnota small
criticalregionatmaximumnominalstressandtheprobabilityofoccur-
renceofan inclusionofeffectivesizeinthetestregionishighat
allstresses;activeinclusionsarealwayscertaintobe present.This
argumentissupportedby theexperimentalobservationthatonlyone
crackformsintheR.R.Mooreandvibrating-cantilevertestspecimens
whilea numberof cracksareproducedinspecimenssubjectedtotests
inwhichthestressisuniformalongthegagelength.

Thusjintorsionalfatigue,thedistributioninfatiguelife-atall
stressescorrespondstothe“manyinclusions”situationwhichexists”in
thecaseofhighstressesinrotathgandvibratingtests.Therefore,
thishypothesispredictsthatthestatisticalvariationinfatiguelife
intorsionaltestsat allstressesinthefracturerangeshouldbe the
sameasthatobtainedwiththegivenmaterialtestedinrotationor

—.—.__——._ .———— — —
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Thispredictioncan be checkedby comparing
thefatiguelifeofannealedArmcoiron
attwohighstresses(a= 0.16and0.15)

withtheaverageofthosecalculatedfromRavilly’storsionaltests
atallstresslevels(u= 0.15).Thisagreementisevenbetterthan
expected.

Thisproblemofvariability,theeffectof imperfections,andthe
influenceofhavinga limitedvolumeofthespecimensatmaximumnominal
stresshavea directbearingonthesizeeffectinfatiguewhichwill
be discussedlaterinthissection.

Whiletheaboveargumenthasbeenbaaedon a materialwitha rela-
tivelyhighinclusionrating,thesameconsiderationscanbe applied
to a cleansteel.Thedistributioncur’veforimperfectionsinthe
lattermaterialliesbelowthatforthedirtysteel,asshownschemat-
icallyinfigure39. By consideringthetotalnumberof hperfections
availableathighandlowstresses,andtherelativeprobabilitiesof
encounteringeffectiveimperfectionsinthecritical-stressvolume,
thedispersioninfatiguelifeanditschangewithstresslevelcanbe
foreseen.Infigure40,itisindicatedthat,inthecaseofa clean
steel,thedispersioninfatiguelifemayincreasewithdecreasein
stresslevel,buttheeffectisnotsomarkedas inthecaseofa dirty .
steel.Further,itseemslikelythat,atveryhighstresses,thedis-
persioninfatiguelifeof cleanand&Lrtymaterialsshouldnotdiffer
verygreatly.

Infigure32,it isseenthatthestandarddeviationinfatigue
lifeofthecleanheatofSAE4340(Ransom’sdatafromreference8)
increasessomewhatwithdecreaseinstresslevelandtheeffectisless
markedthaninthecaseofa dirtyheat. Inaddition,itappearsthat
thedifferencesinvariabilitybetweencleananddirtymaterialstend
to decreaseatthehigheststresslevels.

Influenceofmetallurgicalfactorsonstatisticalbehavior.-Study
oftheinformationgiveninthesecondandthirdtablesofthesection
“Statisticsoffatigue-fracturecurve”disclosesthefactthatinclu-
sionsareprobablythemostimportantsinglefactorindeterminingthe
extentofthestatistical.variationinfatiguelife.Thisconclusion
isestablishedfromthefollowing:

(l)ItisshownthattwoSAE4340heatsof identicalchemicalcom-
positionbutwithdifferentinclusionratingshavecorrespondingly
differentdispersionsinfatiguelife;largevariabilityisassociated
withhighinclusionrating.

—.. .— —-
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(2)Differencesinmicrostructure(e.g.,SAE4340quenchedand
temperedagainstsameheatquenchedandspheroidized)fora given
materialandinclusionratingdonotproducesignificantdifferences
infatigue-lifevariability.

(3)Diffe=ncesin compositionalone(e.g.,hmco ironagainst
SAE4340)do notproducedifferencesin fatigue-lifedispersionpro-
videdthe inclusionratingsaresimilar.Ifjhowever,theinclusion
ratingsof thematerialsdiffer(e.g.,ArmcoironagainstSAE 4340
(reference8)),thestatisticalvariationin fatiguelifediffers
correspondingly.

Whileitwasbelievedatthestartofthisinvestigationthatinclu-
sionswouldbe oneof severalfactorswhichcouldinfluencethestatis-
ticalbehavioroffatigueproperties,itwasnotsuspectedthatthis
factorwouldbeby farthemostimportantofthevariablesinvestigated.
Alloysegregatesandothercompositionalfactorswhichwerethoughtto
havesomeimportancehavelittleifanyeffect.Further,itissomewhat
surprisingto discoverthatthevariabilityinlifeisnotsignificantly
affectedby microstructure,otherthingsbeingequal.It mightwellbe
expectedthatanacicularstructurewouldmeld greatervariabilitythan
thatobtainedwitha spheroidalstructureora singlephase;theresults,
however,indicatethatthisisnottrueoratleasttheeffectisof
minorimportance,sincethesefactors”arecompletelyovershadowedbythe
inclusioneffect.

Anotherresultwhichwaswhollyunanticipatedistheabsenceof
differenceinfatigue-lifevariabilityobtainedatdifferenthardness
levelsfora giveninclusionra’ting.Experimentsona heatofSAE4340
witha highinclusionratingandheat-treatedtoRockwellhardnessC-38
andB-98fieldedessentiallythesamevariabilitiesalongthefracture
curve.Itwouldnothavebeenunreasonabletopredictthatgreater
variabilityinfatiguelifewouldbe obtainedatthehigherhardness
level,butthepresentexperimentsdidnotdisclosesucha difference.

ComparisonofresultscalculatedfromRavilly’sfatiguetestson
Armcoiron,copper,andaluminumshowsthatthenonferrousmaterials
havesignificantlylowerdispersioninfatiguelifethanthatobtained
withArmcoiron.Whiletherelativeinclusionratingsofthesematerials
werenotreported,itmaybe assumedthatthenonferrousmetalshave
lowerinclusioncontentsthantheiron.

An observationof soresimportanceisthat,onthewhole,thevari-
abilitiesinfatiguelifeandendurancelimitshowthesametrends.
Thatis,ifthedispersioninfatiguelifeofonematerialissignifi-
cantlygreaterthanthatforanother,thenthevariabilityinthe
endurancelimitsdifferssignificantlyinthesamemanner.Froman

_———————— —- ——-——-- —..— .——
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experimentalviewpointthissituation,if invariablytrue,wouldbe quite
usefulsincetherelatimvariabilitiesofmaterialscouldbe deteti-ned
by fracturetestsalonewithoutperformingthemorelaboriousexperiments
intheendurancerange.However,itwasfoundinatleastonecasethat
IXTOmaterialswithessentiallythesamefracture-curvestatisticshave
differentendurance-limitstatistics.Thus,theuseofexperimental
shortcutswouldbe subjecttouncertainties.

Theresultsoftestsforsignificanceofdifferencesinthevari-
abilityinendurancelimitsweresummarizedby thesecondtableincluded
inthe.section“Statisticsofendurancelhit.” Hereagainit isfound
thatthepredominantfactorinproducingvariabilityistheinclusion
contentandmanyofthesam conclusionsmaybe drawnas inthedis-
cussionofthefatiguelife.Inthepresentcase,however,unlikethe
resultsforfatigue-lifedispersion,thestandarddeviationsforSAE4340
quenchedandtemperedandthesameheatquenchedandspheroidizeddiffer
significantly.As notedjustpreviously,itmightbe expectedthatwith
a giveninclusionratinganacicularstructurewouldyield~eaterdis-
persionthana spheroidalstructuresincethelatterismoreuniform;
further,$geatervariabilitymightbe predictedforthehigherhardness
level,sinceasthehardnessis increasedtheeffectivenessofthegiven
inclusionswouldincrease.Suchdifferenceswerenotdisclosedinthe
fatigue-lifedata,buttheydoexistintheendurance-limitstatistics
as canbe seenby comparingSAE4340(quenchedandtempered)with
SAE4340(quenchedandspheroidized).Apparentlythecriterionoffailure
ornonfailureintheendurancerangeismoresensitiveto suchmetallur-
gicaldifferencesthanisthenumberof cyclesto failureinthefracture
range.

Thereisoneratherdisturbingdiscrepancyinthedataforthestatis-
ticsoftheendurancelimitsandthatisthatthevalueof standarddevia-
tionforSAE1050issignificantlylessthanthevaluesforArmcoironor
SAE434-0(quenchedandspheroidized).Thethreematerialshavefairly
highinclusionratings,RockwellharnessesofB-81,B-53,andB-98,
respectively,anddonotdiffersignificantlywithrespectto variability
infatiguelife.Thus,theSAE1050doesnotdiffergreatlyfromthe
othermaterialsintheseimportantrespectsandyethasa significantly
smallerstandarddeviationinendurancelimit.No explanationforthis
discrepancyisoffered.

hd?luenceofexperimentalerror.-Thestatisticalvariationsin
fatiguelifearegreaterthancouldbeproducedby theexperimental
errors.Themsximumpossibleexperimentalerrorinnominalstressis
ontheorderof1 or 2 percentand,sincetheS-Ncurvedescendsrather
steeply(i.e.,a givenchangein stressdoesnotproducesolargea
-e tithelogarithmofthenumberof cyclestofailure),thiserror
in stressproducesa smallererrorinthelogarithmofthenumberof
cyclestofailure.Thus,theerrorinmeasurementoffatiguelifeis .
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lessthan1 percentwhiletherelativestandarddeviationsinfatigue
life V obtainedfromexperimentareontheorderof 3 or 4 percent.
Itmaysafelybe assumed,therefore,thatthedispersioninfatigue.
lifeis inherentinthematerialandisnotsimplya resultofexperi-
mentalerrors.

Further,theincreaseindispersioninfatiguelifewithdecrease
instressinthefracturerangeisnotduetoexperimentalerror.It
mightbe arguedthatanexperimentalerrorofsay1 percentwouldpro-
ducean increasein a withdecreaseinstressinthefracturerange.
Themeanlifeincreaseswithdecreaseinstressinthefracturerange
and,therefore,itmightbe saidthata l-percenterrorinthefatigue
lifewouldyieldlargerdispersionsatthelowerstresses.Ifthis
weretrue,therewouldbe a similitudeinthedispersionalongthe
fracturecurve;thatis,therelativestandarddeviations(V values)
wouldbe constantthroughtherange.However,as showninthetables
ofdataforthestatisticsofthefracturecurves,V isnotconstant
butincreaseswithdecreaseinstressh thefracturerange.There-
fore,thedependenceof u onstresslevelisrealandnotbasedon
experimentalerror.

Thestatisticalbehavioroftheendurancelimitisalsoinherent
inthematerial,althoughexperinmntalerrorcanhaveaneffect.Errors
inthenominalstressmodifytheresponseofspecimenstestedinthe
endurancerangefromfailureto nonfailureandviceversa.Inthis
casetoo,however,thedispersionobtainedislargerthanthatwhich
couldbe producedby experimentalerroralone.Therelativestandard
deviationinendurancelimitsarefrom3 to 7 percent,whiletheerror
instressisontheorderof1 to 2 percent.

Thesituationwithrespectto experimentalerrorisevenbetter
thantheabovediscussionindicates.A maximumexperimentalerrorof
*1percentcorrespondsto a *3a range.Thatis,thelowestexperi-
mentaldeviationis -1percent,thehighestis1 percent,andthemean
errordueto experimentisO;the-1-percenterrorcorrespondstothe
-3u level,whilethel-percenterrorcorrespondstothe 3a level,
andsoforth.Thus,comparisonofanexperimentalerrorof*1 percent
shouldbe madewiththepercentagevariabilityrelatedtothe *3u
rangeobtainedinthedata.Forexample,witha relativestandarddeti-

ationinfatiguelife
(
v=~ x 100

)
of 4 percent,thepercentage

logN
variabilitycorrespondingtothe *3u rangeis*12percent.Thisvalue
istobe comparedwiththeexperimentalerrorof*1 percent.Obviously,
experimentalerrorcannotaccountforthestatisticalnatureoffatigue
properties.

In comparingthestatisticsoffatigue
usehasbeenmadeof dataobtainedfromthe

—

propertiesofmaterials,
R.R.Mooreandpneumatic

.

/
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vibratorytests.Thesetwotestsutilizedifferentspecimensizesand
typesandinadditionhavedifferentexperimentalerrors,being*1
and*2percent,respectively.Thesedifferences,iflargeor important,
wouldinvalidatethecomparisonofdataobtainedfromtheln70typesof
test. Thedifferencesinspecimens,however,arenotimportant.Both
typeshavea limitedvolumeatmaximumnominalstressandthedifference
inthiscriticaltestvolumeisnotlarge.Inaddition,thedifference
inexperimentalerrorisnotgreatenoughto accountforthedifferences
invariabilityofmterialstestedinthetwotypesofmachines.For
example,comparisonhasbeenmadeofthestatisticalvariationinthe
fatiguelifeofa cleanheatofSAE4340obtainedby Ransomwiththe
R. R.Mooretestwiththatofa &kty heatofthesamesteeldetermined
inthevibratorytest. Ifthedataarecorrectedfortheexperimental
errorineachcase,it isfoundthatthedifference$n dispersi~nis
stillsignificant.Thus,differencesinexperimentalerrorhavenot
affectedtheWtity oftheconclusiondrawnfromcomparisonofsets
ofdataobtainedfromdifferenttypesofmachines.

Theoriesoffailureandstatistics.-Theroleof imperfectionsin
fatigueandthemannerinwhichthese~rfections caninfluencethe
statistical.behaviorhavealreadybeendiscussedinsomedetail.There
havebeenno attemptsto explaimthestatisticalnatureoffatigue
propertieson a quantitativetheoreticalbasis.Itisfeltthatthe
presentworkhascontributedtothefundamentallmowledgeoffatigue
andimposedanadditionalrequirementonthebasictheory.Obviously
a satisfactorytheoryoffatignemustexplainthenechanismbywhich
failureinitiatesand,further,inviewofrecentdevelopments,it
musttakeintoconsiderationthestatisticalnatureofthephenomenon.

ThebestmechanismhasbeenproposedbyOrowan(reference13),but
thestatisticalaspectofthetheoryoffatigueis inneedofmuchwork
toputitona quantitativebasis.Thefactorswhichhavebeenpre-
viouslydiscussedschematicallyandqualitativelyshouldbe treated
quantitatively.Thistreatment,intheult-te, wouldinvolvea lnmwl-
edgeofthedistributionof inclusionsfromnmasurement,calculations
ofthestress-concentrationfactorsfortheimperfections,andnumerical
probabilitiesforthepresenceof effectiwimperfectionsinthecritical
regionofthespecimenat=imum nominalstress.AlthoughMficult,
thisapproachcombinedwithOrowan’smechanismmightbe-fruitful.

Therehavebeena fewattemptsto developtheoriesoffractureand
fatigueona statisticalbasis.Thesetheories,however,havenotcon-
sideredthestatisticalvariationin strengthbuthavederivedthe
mean-strengthrelationshipsby statisticaltreatments.Thesetheories
willbe criticallyreviewed.

Weibull(reference34)deriveda statisticaltheoryforfracturein
Griffithsolids.Histreatmentappliedtobrittlematerialssuchas .
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glasswhichareisotropicandobeyHooketslawup to fracture(i.e.,no
plasticity).He chosea randomdistributionofflawsandassumedthat
theprobabilitythatfractureoccursinanyonevolumeata givenstress
isindependentoftheprobabilityoffractureinanyothergivenvolume
atthesamestress.Thetheoryhasbeensuccessfullyappliedto glass,
butitisnotintendedforuseintheproblemoffractureinmetals.

FisherandHollomon(reference35)attemptedto developa statis-
ticaltheoryforfractureinmetalsonthebasisofessentiallythesame
assumptionsmadebyWeibul.1.AS Zener(reference14)haspointedout,
theassumption-thattheprobabilitiesoffractureingivenvolumesat
thesamestressme independentdoesnotapplyto metals.Unlikeglass,
metalsundergoplasticdeformationwithwhichfractureisassociated.
Whenslipoccursina volume,theprobabilityoffractureintheregion
infrontoftheslipbandishigherthanthatfortheotherelements.
Thus,theassumptionof independentprobabilitiesisinvalidfor
materialswhichdeformplasticallyandthisstatisticaltheoryfor
fractureinmetalsisoflimitedvalue.

lRreudenthal(reference36)hasproposeda statisticaltheorybased
onthebeliefthatfatiguefailureisnotinseparablyassociatedwith
plasticslip(indirectoppositionto experimentalevidenceandthe
moderntheoriesoffractureinmetals).He assumesthatfatigueis a
large-scaleexpressionoftheprowessivedestructionof atomiccohesive
bondaandthatplasticslipandstrain-hardeningareessentialfeatures
onlyinsofarastheymodifytheintensityandrateofbonddestruction.
A statisticaltreatmentwasmadeinvolvingthenumberandstrengthof
cohesivebondsandthenumberandintensityofloadrepetitions.By
applyingthetheoryofprobability,Freudenthaldeducedrelationships
fortheS-Ncurveandotherfatiguephenompa.

Thistheorycannotbe consideredacceptable.As pointedoutabove,
theprobabilityoffailtieundera givenstressattheoutsetno longer
holdsafterthisstresshasbeenapplied.Metalsundergoplastic
deformationwithwhichfractureisassociatedand,oncesliphas
occurredina volume,theprobabilityoffractureinthisregionis
increased.Thus,Freudenthal’stheorycannotbe appliedtomaterials
whichdeformplastically.As a pointof interest,itmightbe mentioned
thatbrittlenonmetallicsuchasporcelainor glassexhibitstatic
fatigueratherthandynamicfatigueasfoundwithmetals.Thatis,in
thefatigueofbrittlenonmetallic,thetimeunderstressratherthan
thenumberof stresscyclesdeterminesfailure.Thus,Freudenthal’s
theorywhichisbasedon assumptionswhichmightbe validforbrittle
nonmetallicdoesnotapplytothiscaseeither.

Afanesiev(reference37)proposeda statisticaltheoryof fatigue
basedon theaveragingof stress-strainrelationshipsw:thinthe indi-
vidualgrainsof a polycrystallinemetal. It is assumedthatthe yield
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isequalinthedirectionoftheactingforce,
becauseofcrystalanisotropyandinhomogene-

ities.(Thesameresultsareobtainedifequalstressbutdifferent
yieldstrengthsareassumed.) Assuminga frequencydistributionof
thestressesinthecrystalsandthatstrain-hardeningislinearly
relatedtotheplasticdeformation,theincreaseinflowstressas a
functionofthenumberof cyclesis calculated.A crackoccurswhen
theflowstressreachesthevalueofthestrengthofthemetal.
Fatiguefailurerequirestheformationof a numberof cracksinadja-
centgrainsandtheprobabilityofoccurrenceofthisconditionis
calculatedyieldingexpressionsforthefatiguestrengthasa function
ofthenuniberof cycles.

Themethodofattackinthistheoryisquiteinteresting,butthe
assumptionsmadethrowsomedoubton itsvalidityinitspresentform.
Theassumptionsof a particularfrequencydistributionof stress,a
linearrelationshipbetweenstrain-hardeningandplasticdefamation,
andthenecessityofproducingmorethanonecrackforfatiguefailure
aremadewithoutjustification.Inaddition,theparametersinthe
probabilityfunctionweretakenfroma static-tensionstress-strain
curvewhichdoesnotapplytotheconditionofdynamiccyclicstressing.

It isevidentthata purelystatisticalapproachhasnotledto
a satisfactorytheoryforthefatigueofmetals.Undoubtedly,the
mechanismby whichmetalsfailinfatigueisgovernedby thefundamental
lawsofplasticdeformationandfracture;itisonlythroughtheappli-
cationoftheselawsthata successfultheoryoffatiguecanbe derived
(whichup tothepresenttimehasbeenbestdoneby Orowan).Thesta-
tisticalaspectoffatiguearisesfromthepresence(orscarcity)of
imperfectionsinthemetal,whichmodifytheconditionsofflowand
fractureandintroducea variationinproperties.

Sizeeffect.-Thesizeeffectreferstotheobservationthatthe
endurance-t inrotating-cantilevertestsincreaseswithdecrease
in specimendiameter.MooreandMorkovin(references38to 41)con-
ductedrotatingtestson severalsteelsinboththenotchedandunnotched
conditionsandfounda decreaseinendurancelimitwithincreasein
specimendiameterup to a certaindiameter(1/2to 1 in.)abovewhich
(upto 3 in.) theendurancelimitwasnotaffected.VonRajakovics
(reference42)founda similartrendinthealternatingbendingstrength
of aluminumalloysas didDonlanandHanley(reference43)withSAE4340.
HorgerandI?eifert(reference~) perfo-d r&at@ testsonaxleswith
diametersaslargeas ~ inchesandobserveda markeddecreaseinthe
endurancelimitwithincreaseinspecimendiameter.

Theusualexplanationofthiseffectisbasedonthe“weakestlink”
theory.Accordingto thisview,theprobabilityofobtaininga serious

.
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internalflawor stress-raiserin
inthevolumeofthespecimenand
areobtainedwithlarger-diamter
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the specimenincreaseswithincrease
thereforelowerfatigueproperties
specimens.Someof theworkin the

presentinvestigation-hassubstantiatedthisconcept,butthereisan
additionalfactorinthisproblemwhichhasbeenoverlookedby allbut
a fewinvestigators.

Therotating-cantileverfatiguetest,withwhichmostofthesize-
effectstudieshavebeenmade,producesa stressgradientacrossthe
diameterofthespecimensinceonesideisinpuretensionwhilethe
oppositesideisinpurecompression.Thustestsofthiskindon
specimensofdifferentdiametersinvolvecorrespondinglydifferent
stressgradients.Phillips(reference45),F6ppl(referencek6),and
Buchmarm(references47 and~) havestudiedtheeffectof thisfactor
on thesizeeffectandconcludedthatwitha steeperstressgradient
(smaller-diameterspecimen)theunderlyingfibershavea ~eater oppor-
tunityto aidtheoutermostfibersin supportingthe stress.Buchmann
hasconductedaxialpush-pullfatiguetests(whicheliminatethestress
gradientacrossthesection)andfoundonlya smallincreaseinthe
fatiguestrengthof steelsandaluminumwithdecreasein specimendiam-
eter. He alsoshowedthatthefatiguepropertiesunderrotatingbending
of spechnenswithincreaseddiameterapproachthestrengthobtainedunder
reversedaxialloadingas a lher limit.

Therehavebeenno studiesof theeffectof specim?nsizeon the
statisticalvariationin fatigueproperties;alltheworkreidewed
abovehasdealtwiththeaverageproperties.‘In thepreviousdiscus-
sion,however,the sizeeffectwasbrieflyconsideredin the interpre-
tationof thedependenceof thestatisticalvariationin fatiguelife
on thestre”sslevelin rotatingandtorsionaltests. In theproposed
hypothesisit waspointedoutthatthemaximumnominalstressis limited
to a smallregionin theR. R. Mooreandflexuraltest,whereasin
torsionit existsalong%heentiregagelengthandthisstateof affairs
influencesthe statisticalbehavior.An extensionof theseideascan
be usedto explaintheexperimentalobservationsof theeffectof
specimensizeon theaverageendurancelimit. In thepresentdiscus-
sion,thestatisticalvariationaboutthemeanwillbe ignoredandonly
themeanwillbe considered.

Thefirstandobviouspointto be madeisthattheendurancelimit
fora materialwithmny imperfectionsis lowerthanthatforthe same
materialwithextremelyfew imperfections.Thustheendurancelimit
of a materialis stronglyinfluencedby thepresenceor absenceof
imperfections.In theaxialpush-pulltestthemaximumnominalstress
isuniformalongthegagelengthandthe crosssectionandtherefore
anypointin thevolumeof thespecimencanbe thelocusof crackiniti-
ation. Changesin thediameterof thistypeof specimenhavelittle

—.—— —— .—..——— ----
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influenceon theprobabilityof occurrenceof an effectiveimperfection
in thetestvolume,becausein thiscasethecriticalvolumeis vast
at alldiametersandtheprobabilityof encounteringan activeimper-
fectionis veryhigh. Consequently,theendurancelimitin push-pull
testsdoesnot increaseappreciablywithdecreasein specimendiameter
andfurthertheendurancelimitobtainedis relativelylowbecauseit
is certainthateffectiveimperfectionsareencountered.

On theotherhand,in theR. R. Mooretest,onlya smallregionis
subjectedto maximumappliedstress.Asidefromthe differencesin
stressgradient,the smaller-diameterspecimenshavea smallercritical-
stressvolumewhichdecreasestheprobabilityof theexistenceof a
severeimperfectionin thisvolume.Thusa decreasein diameterpro-
ducesan increase’in endurancelimit. Uponincreasingthediameter,
thecriticalvolumeincreases(asdoestheprobabilityof imperfection
occurrence)to a sizeeffectivelythesameas thatexistinginpush-pull
testsandthe sameendurancelimitsareobtainedin thetwotypesof
test.

S-N diagram.-In thediscussionof theworkpresentedinpartI,
theneedforan improvedmethodof reportingS-N datawaspointedout
anda possiblemethodwas suggested.Thismethodhadbeenappliedto
a numberof setsof fatiguedataobtainedby Wallgren(reference21)
withsomesuccessas illustratedby an example.

TheS-N dataobtainedin thepresentinvestigationhavealsobeen
treatedin thiswnner, butwithlesssuccess.The expectedstraight
linewasobtained,butthislinedidnotpassthroughthetensile-
strengthpoint. The reasonforthisbehaviormaywellliein thenature
of thetestsconductedin thisresearchinvestigation.Wallgren’sdata,
to whichthemethodappliedquitewell,wereobtainedfromaxialtenaion-
compressiontestsand quitelogicallythetensilestrengthcanbe used
in theanalysis.Thepresentfatigueexperiments,however,wereper-
formedin flexuretidperhaps,therefore,thefracturestrengthin
bendingratherthanthetensilestrengthshouldbe usedas theupper
limitof theS-N curve. Similarly,itwouldseemlikelythatin repre-
sentingthe completeS-N diagramobtainedin torsionalfatiguetests,
thefracturestrengthintorsionratherthanthetensilestrengthis the
trueupperlimitin the diagram.Sincedataforthefracturestrength
inbendingwerenotavailableforthematerialsstudiedin thisresearch,
thispossibilitycouldnotbe investigatedquantitatively.It is a safe
assumption,however,thatthefracturestrengthinbendingis higher
thanthetensilestrengthof thesematerials.The effectof usinga
higherstrengthvalueas theupperlimitof theS-N curveis to decrease
the slopeof the straightlineobtainedin theproposedmethodof plotting
the diagram.Therefore,by thismodification,the slopesof the straight-
lineS-Nplotsshownin thepreviousfigureswouldbe alteredtoward
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betteragreementwith-prediction(i.e.,a straightlinefromtheendur-..
antelimitto thefracturestrengthat 1/4cycle).

Thus,in itspresentform,theproposedmethodof treatingthe
entireS-N diagramhasmetwithlimitedsuccess.Furtherdevelopment
andmodificationmayyielda moresatisfacto~methodof representing
thefatiguedataobtainedfromtestsothertbm theaxialtension-
compressiontype.

In connectionwiththeWbhlerdiagram,it is importantto notethat
manyof theexistingtheoriesof fatiguepredicttheformof theS-N curve
whichhasbeenbelievedto exist(a simpleconcaveupwardcurve).As
shownin thepresentresearch,however,thismeancurveis not simple
but hasa pointof inflectionandbendstowardthe stressaxisat higher
stressandshorterfatiguelife. Thustheexistingtheoriesmustbe
extendedor modifiedto accountforthisbehavior.

Understressingeffect.- Theexperimentalresultshaveshownthat
understressedspecimenshave,on theaverage,a longerlifethan(orat
worst,the samelifeas)themlrginspecimensat a stressin thefracture
range. Thisobsermtionprovesfirstof allthatthebehatiordescribed
by Jacques(referencew) doesnotgenerallyexist.Jacqueshasreported
thatmeasurablefatiguecracks(upto 0.01in.in depth)developand
growwithincreasein numberof cyclesin specimenstestedat andbelow
theendurance-limitstress.If thisweregenerallytrue,it is to be
expectedthatunderstressingproducesmicrocrackswhichwoulddecrease
the subsequentfatigueliferelativeto thevirgin”lifeat an elevated
stress.Thepresentexperimentsas wellas othersreportedinthe
literatureshowthatthe contraryoccurs.

Theusualexplanationof thebeneficialeffectof understressingis
thatthe cyclesof stres:at orbelowtheendurancelimitmildlycold-
workandstrengthenthematerialandthusextendthesubsequentlifeat
higherstresses(reference50). Thisexplanationis strengthenedby
reportsthatthefatiguelifecanbe extendedveryappreciablyby
trainingor coaxing,but inviewof theexperimentalresultsobtained
in thistivestigationit isproposedthattheunderstressingeffectmay .
be interpreted,in part,as a statisticalphenomenonbasedon selectivity.

Considera distributionin qualityof virginspecimenssuchas that
shown~ figure41. Upontestingthesespecimnsat themeanendurance
limit S, 50 percentof themfailwhiletheothersrunout.,Thosewhich
failrepresentpoorerthanaveragequalitywhilethosewhichdo notfail
areof betterthanaveragequality(seefig.41). If theserun-out
specimensarenowtestedat an elevatedstress,themeanfatiguelife
shouldbe lon&r thanthatobtainedforthevirginmaterial.The latter
includesspecimensof all qualitieswhilethosewhichwereunderst”ressed
havebeenpreselected.

....————- .— —— .—— —.
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Similarly,if specimensar~testedat a stresssomewhathigher
thanthemeanendurancelimit S + AS, a certainnumberof failures
andnonfailuresareobtained.(Theexactproportiondependsuponthe
levelof stressabovethemeanendurancelimitandthe standarddevia-
tionaboutthismean.) In thiscase,thepercentageof run-outspecj.-
mensis lessthanm percentand,sincethestressismoresevere,the
specimenswhichdo notfailareof superiorquality(seefig.41). The
argumentcanalsobe appliedto specimensunderstressedat a level
belowthemeanendurancelimit ~ - AS to showthatsubsequentmean
lifeis slightlybetterthanthevirginmeanlife.

Thusrun-outspechensat S + N are,on theaverage,superior
to run-outspecimensat ~, whichin turnareof higherqualitythan
theaverageof nonfailurespecimensat ~ - AS,whichareslightly
betteron theaveragethanthevirginmaterials;thesedifferences
shouldbe reflectedin therelativefatiguelivesobtainedin retest
at a stressin thefracturerange.

Thisinte~retationappliesquitenicelyto theresultsobtained
intheunderstmssingexperiments.5e meanfatiguelives~ for
specimensunderstressedabove ~+ 2S, at ~, andbelow ~ - AS fall
in thefollowingorder: R for ~ + & is greaterthan ~ for ~
and ~ for ~ - M is ~eater than ~ forvirginspecimens.This
%ehaviorindicatesthattheunderstressingeffectmaywellbe partially
basedon selectivityandthestatisticalvariationin fatigueproperties.
The questionas to therelativeimportanceof cold-workandselectivity
couldbe answeredby furtherexperiment.

A purelymathematicalapproachto theunderstressingeffectcanbe
madeby assumingthatthebehaviorisbasedentirelyon selectivity.
It ispossibleto calculatethemeanlifeexpectedfromspecimenswhich
representa certainqualityof theparentpopulation.For example,
thosespecimenswhichdo notfailwhentestedat ~ (themeanendurance
limit)representbetterthana~rage quality;and,since50 percentof
thespecimensdo notfailat S, thetesthasselectedtheupper50 per-
centof thevirginpopulation.Theexpctedmeanlifeof thesespecimens
whentestedat a stressin thefracturerangecanbe calculatedfrom
‘straightforwardstatistics.Therelationshipis simply:

X=m+uu

where

x man fatiguelife
didnotfailin

m meanfatiguelife
cycles

at fractwe stressof specimenswhich
understress,cycles

forvirginspecimensat fracturestress, .

. —-.—.-
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a standarddeviationin fatiguelifeforvirginspecimens

u levelcorrespondingto meanlifeof understressedbarsin
retestat fracturestress(tablesof u areavailable
in handbooks)

In the caseofArmcoironspecimensunderstressedat ~, the calctiation
is as follows(remeniberingthatfatiguelifehas a normaldistribution
for logN):

m= logN = 5.7691or 5.876x ld cycles

therefore

u = 0.67

u = 0.164

X=m+ucr

= 5.7691+ 0.67(0.164)

= 5.879oor 7.56x lo cycles

Thevalueof thismeanlifeobtainedfromexperimentwas8.49x 105cycles.

Similarcalculationsmadeforotherunderstressinglevelsand
materialsaresumarizedin thefollowingtable:

Meanfatiguelifein retestat
fracturestress

Material Understress
(psi) Predictedfrom Experimental

selectivity resuit
(cycles) (cycles)

Armcoiron 32,800 1.09x 106 9.70x 105
29,820 7.56x 105 8.29
26,84o 6.17 8.48

SAE 4340(Q&S) 65,150 6.55X 105 8.31X l@
62,430 4.71 3.81
59,720 3.52 3.27

Sld?l434-O(W) 100,420 1.92x 105 2.73X ld
97,700 1.74 2.51
94,990 1.57 2.15

— .—.—. ____ .—— -—.——— —— —
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Thenumericalagreementhereis onlyfairwhichis as muchas can
be expectedin viewof thefactthatthenuniberof understressedspeci-
mensusedwas necessarilylimited.Agreementdoesexistbetweenpred-
iction andexperimentin trendandmagnitude.If itwerefound
experimentallythatthe.meansubsequentfatiguelifeof understressed
specimenswasfargreaterthanthatpredictedon thebasisof selec-
tivity,it couldbe concludedthatcold-workisthepredominantfactor
in theunderstressingphenomenon.The aboveresultsindicatethatthis
is nottrueandthattheeffectis,to at leastsomeextent,basedon
selectivity.

The aboveresultsandtheirinterpretationgivethe subjectsof
overstressingandunderstressinga wholenewaspect.For example,
Bennett(reference19)hasreportedthatthedamageproducedby over-
stresscanbe recoveredby subsequentunderstress.Thisconclusion
wasbasedon the experimentalobservationthata specimenof SAE 4130
overstressedat @,000 psi,thenunderstressed,andfinallyretested
at the originalstressof ~,000 psi didnotfail. Theendurance
limitof thevirginmaterialwas ~,000 psi.

In viewof the statisticalnatureof fatigueproperties,theabove
conclusioncanbe questioned.It canbe shownbystatisticalcalcula-
tionsthattherewas a certainprobabilitythattheoriginalspecimen
wouldnothavefailedif thetesthadbeencontinuedat the initial
levelof overstress.Thiscalculationwillbe illustrated.

Therelativestandarddeviationin theendurancelimitof a steel
canbe conservativelyestimatedas 3.5percent.Thus,“~X 100= 3.5per-

S
cent,where u is the stan@rddeviationin endurancelimitand ~ is
themeanendurancelimit. Thepresentmaterial(SAB4130)hadan endur-
ancelimitof,k6,000psi,whichcanbe takenas themeanvalue. There-
fore,fromtheaboveequation,thestandarddeviationin the endurance
limit is: u= (3.5peicent)(k6,000)=
be usedto calculatetheprobabilities
48,000psi. Transformingintoprobits

16io PSi. Thisvalueof a can
of failureandnonfailureat
givesthefollowing:

Y=5+*(S-S)

=5+ * (48,000- 46,000)

= 6.24

●
✎
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Thevalueobtainedistheprobitvalueat a stressof ~jOOO psi and
correspondsto 80 percentin theprobit-percentagetables(reference18).
Thismeansthat80 percehtof the specimenstestedkt~,000 PSi should
fail,while20 percentcanbe expectedto sustainthisappliedcyclic
stresswithoutfailure.Thus,calculationindicatesthatoneoutof
everyfivespecimensof thismaterialtestedat ~jOOO psi shouldnot

, failandthatthe conclusionbasedon a singleexperimentalobservation
canbe seriouslyin error. Theeffectattributedto a beneficialunder-
stressingsubsequentto theoverstresscouldbe dueto thefactthatthe
specimenusedwas onewhichwouldnothavebrokenat theoverstresslevel
anyway;the chanceof obtainingsucha specimenin theexperimentcited
is estimatedas oneoutof five.

Obviously,manyconclusionswithregardto thefatigueof metals
whichhavebeengenerallyacceptedin thepaktmustnowbe re-examined
froma viewpointwhichincludesthe statisticalnatureof fatigue
properties.

Engineeringap@ication.-In thedesignforfinitelifeof parts
subjectedto fatiguestresses,theengineershouldtakeintoaccountthe
statisticalvariationin fatiguelifeto minimizeprematurefailures.
It is doubtfulthatmanycompanieswillgo to thetroubleandexpense
of determiningexperimentallythe statisticsof thefatigueproperties
of themetalsinvolved,so someapproximateruleshouldbe provided.
It hasbeenfoundthattherelativestandarddeviationirifatiguelife

(forsteelsis roughly3 percent i.e., V = ~
)

X1OO=3. !rhUs,
logN

if an approximateS-N curveis lmownfroma dozenor nmrefatiguetests,
an estimateof the standarddeviationin fatiguelifecanbe obtained
by taking3 percentof thelogarithmof thenumberof cyclesto failure.
Thereis no precisesubstituteforthe completestatisticaldata,but
thisprocedurecouldsene as a roughguideto the designer.

Similarly,in thecaseof theendurancelimit,a relative-standard-

( )
deviationvalueof 4 percent V = ~X 100= 4 couldbe used. Khowing

s
theapproximatevalueof theendurancelimitfroman S-N curvedeter-
minedintheusualmanner,the standarddeviationfromthisvaluecould
be estimatedbymultiplyingby 4 percent.Usingthisstandarddevia-
tion,theprobabilityof failureat stressesbelowtheendurancelimit
couldbe calculatedandtheproperfactorof safetychosen.

—-——..z .— — —— —
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a varietyof materials
froma criticalreview
determinetherelative

CONCLUSIONS
.

fatigue-fracturecurvesandendurancel~ts for
wereobtainedfromextensivefatiguetestsand
of theliterature.Theresultswereanalyzedto
effectsof somemetallurgicalfactorson the—

statisticalnatureof fatigueproperties.

In addition,a nuriberof relatedproblemswerestudiedincluding
the dependenceof statisticalvariationsin fdtiguelifeon stresslevel
in thefracturerange,locationof crackinitiation,sizeeffect,under-
stressingeffect,anda formandpossiblemethodof plottingthe
S-IVdiagram.An approximatemethodof predictingprematurefailurein
steelin theabsenceof statisticaldatawas alsodeterntined.

As a result
maybe drawn:

1. II&h-the
variabili@and,
VdJ.H, butmust

of thisstudyandresearch,thefollowingconclusions

fatiguelifeandendurancelimitaresubjectto marked
therefore,thesequantitiescannotbe statedas exact
be representedstatistically.

2. Inviewof the statisticalnatureof fatigueproperties,the
designengineermust,in choosinga factorof safety,recognizethe
factthatsom failurescanoccurprematurelyor evenat stressesbelow
thenormallydetermhedendurancelimit.

.

3.
-usually
axisat

4.
fatigue

TheS-Ndiagramdoesnotfollowthe simplecurvewhichis
drawnbtihasa pointof inflectionandbeqlstowardthestress
shorterlife.

Statisticalanalysisof themeas=mnts of the locationof
crackinitiationprotitifurtherevidenceof the inhomogeneow

natureof the steelanditsinfluenceon thestatisticalbehaviorin
fatigue.

5. The dispersionin fatigp lifein rotatingandvibratingtests
increaseswithdecreasein stressin thefracturerange. h torsional
fatigue,however,thedispersionis independentof thelevel.ofthe
stress.

6. Thevariabilityin fatiguepropertiesdependsuponthemetal
andis Mluenced by metallurgicalfactors.

7. The statisticalvariationin thefatiguelifeof nonferrous
metals(e.g.,copperandaluminum)is lessthanthatforironor steels,
probablybecausetheformermaterialshavefewerinclusionsand
inhomogeneities.

.
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8. Of themanyfactorswhichcaninfluencethestatisticalbehavior
of fatigueproperties,inclusionsarethemostimportant.Two steelsof
the samechemical,composition(e.g.,twoheatsof SAE 4340)butwith
widelydifferentinkhsionratingshavecorrespondinglydifferent
variabilities.

9. Theeffectof differencesin compositionandmicrostructureof
ironandsteelson thedegreeof dispersionis overshadowedby the
inclusioncontentsof thematerials.A steelof givencompositioncan
havegreateror lessvariabilitythanirondependinguponwhetherits
inclusionratingis relativelyhighor low.

10.At a giveninclusionrating,themterialwithhigherductility
yieldslessscatterintheendurancelimit,butthedispersionin fatigue
lifeis essentiallythesame.

11.Theunderstressingeffectmay,inpartif notwholly,be inter-
pretedas a statisticalphenomenon.Experimentalresultsconformto
theoreticalpredictionsbasedpuxelyon selectivity.

12.The sizeeffectcanbe explainedon a statisticalbasis.

CarnegieInstituteof Technology
l?ittsburgh,~., my ~, 1951
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RESULTSOFSTATISTICAL

DATA

TABLEI

CAICUIATIONSBASEDONRAVILLY‘S

(REFEREIWE6)

[7N, meanofL3gsof’Lifevalues;IT,meanlife, cycles;a,
unbiasedstandarddeviation;q-, standardestimateof

1error;V, relativestandard-deviation,percent

(a)Cold-workedsteel.

Stresslevel logN if
(cycles) o G

log N (per~ent)
First 4.95868 90,923 0.4371 0.097’7 8.814
Second 5.63674 433,250 .3353 .7497 5.948

Average ------- ------- .3896 ------ 7.381

Stresslevel

First
Second

Average

Streas
(Mmw
13.0
11.5
10.5

Averwze

(b)Annealedsteel.

logN (cy?les) a
slogN

4.99680 99,265 0.1812 0.0405
5.65839 455,400 .18a9 .0422

------- ------- .1851 ------

(c)AnnealedArmcoiron(unsorted).
1 I 1

logN ii
(cycles) *m

----- -- I -------I .1541

‘logN

0.03568
.0377
.0293

------ -

(per~ent)

3.626
3.338

3.482

(per~ent)

3.151
3.=2
2.188

2.820

—— ----



NACATN 2719 81

TABLEI.-Continued

RESUDI’SOFSTATISTICALCAICUIATIONSBASEDONRAVILLY’S

DATA(REFERENCE6) - Continued

(d)AnnealedArmcoiron(presorted).

ii
(cycles)

Stress
(kg/~2) (per~ent)“logNlogN

4.u268
4.22988
4.42333
4.61583
4.85’753
5.09362
5.27894
5.43991
5.63~6
6.OIJ25

-------

12,962
16,977
26,517
41,2go
72,033
w4,060
190,100
275,310
428,700

1,026,250

-----,----

0.00718
.O(I6U
.00513
.00652
.00571
.0050
.00533
.00870
.00571
.00632

-------

0.780
.646
.5~8
.632
.525
.509
.451
.715
.453
.470

.569

31.0
26.0
21.5
18.0
14.5
13.0
12.0
11.75
11.0
10.7

Average

o. 032=
.02734
.02294
.02919
.02554
.02595
.02384
.03893
.02554
.02828

.02832

.

(e)Annealednickel(presorted).

ii
(cycles).

13,953
21,485
29,5=
50,054
71,731
99,l%
153,690
251,360
473,630

1,226,no

---------

Stress
(@#~2) (per~ent)logN ‘logNa

56.0
49.0
44.5
37.5
33.0
30.0
25.5
21.5
18.0
15.5

Average

4.14467
4.33214
4.47014
4.69945
4.85572
;.%@&

5:40029
5.67544
6.08865

-------

0.04147
.03095
.04328
.01123
.03756
.03960
.05040
.04193
.03671
.04436

.03908

0.00951
.00692
.00967
.00251
.00839
.@85
.01127
.00937
.00820
.00991

-------

1.000
.714
.968
.238
●773
.792
.971
.776
.646
.728

.760

/

. ..— .———____ —.
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TABLEI.-Concluded

RESULTScl?STNCISTICKGCALCULATIONSBASEDONRAVIXLY‘S

DATA(IummFcE6)-concluded

(f)Anuealedsteel(uresorted).. . .-

S-bess
(k+?) logN (cyc!es)

u ulogN (per~ent)
51.o 4.81.222 64,897 0.04483 0.01000
43.75 4.9W9 81,506

O:g
.04364 .00975

38.75 5.00345 100,800 .04436 .oo!%n .884
S-5 5.18268 152,290 .04328 .00967 .835
23.0 5.318’48 208,200 .03111 .00695 .*
18.0 5.47979 301,850 -w .01097 .895
14.25 5.70197 503,470 .032~ .00725 .568
12.5 5.86293 729,330 ‘.78914 a.17646 ’13.45

Average ------- ------- .&172 ------- .798

‘Questionablevalues.

(g)mad COPP@I?(unsofied).

Stress
(43/+) logN (cyc!es) u alogN (per~ent)

27.0 4.03823 10,920 0.14647 0.03275 3.627
22.5 4.20321 15,967 .1253 .02800 2.98
19.0 4.32805 21,284 .09772 .01960 2.026
16.0 4.50477 31,972 .02728 2.6!36
13.5 4.71066 !%364 :%% .02117 2.010
U.75 4.83b3 68,238 .09536 .02132 1.g72
10.0 5.04901 =,950 .07772 .01737 1.539
9.25 5.238k3 17’3,150 .09442 .02111 1.802
8.25 5-49007 309,do W&6 .02089 1.702
7.25 5.87667 752,780 .03445 2.622

Average —--—- ------- .IJ24 ------- 2.296

(h)Annealedalumimm(unsorted).

Stress
(kg/l&) logN (cyc!es) u u

logN (per~erct)
30.0 3-92328 8,380.7 0.09072 0.02028 2.312

3-g847k 9,654.7 .u72 .0262 2.941
%: 4.10769 u?,814.0 .u% .0253 2.809
13.75 4.23805 17,300 .1572 .0351 3.70!3
10.75 4.36346 23,cP2 .1131 :02%& 2.591
8.5 4.57964 37,!388 .1275 2.784
7-5 4.8!Y31 78,707 .1323 .02958 2.702
5.75 5.32103 209,450 .1240 .0277 2.330
5.5 5.~952 524,=5 .1463 .0327 2.557
5.25 6-05450 lY133Y70Q .06996 .0156 1.155

Average ----—- ----------- .1218 ------ 2.%9

.

.

.
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SIZE OR SEVERITY OF IMPERFECTIONS

Figure37.- Frequencydistributionofeffectiveimperfectionsinmetal.
. Shadedareasindicatetotalnumberof imperfectionsavailableat

givenstress.SH and SL areminimumsizeor severityofeffective
imperfectionsathighandlowstress,respectively.
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